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ADVERTISEMENT. 



X HE following Work is founded on one which 
the Author published in the year 18012^ when he 
was Savilian Professor of Geometry ; but it dif- 
fers from that Treatise '**' in so many places^ both 
in the nature and form of the demonstrations^ 
that he deemed it more proper to announce this 
as a new publication, than an abridgment of the 
former. 

As in the former publication^ so in the pre- 
sent> there are two points of which it seems ne- 
cessary that the - reader should be apprized ; 
first, what previous knowledge will be expected 
from him ; and secondly, what extent of infor- 
mation the Treatise itself is intended to afford. 
The first of these will prevent the young stu- 

* The toVLo'miig is the title of the work klluded ioi ''A 
" Geometrical Treatise of Conic Sections^ in four Books. 
••To which is added^ a Treatise on the Primary Properties 
'' of. Conchoids^ the Cissoid^ the Qaadratrix> Cycloids^ the 
**X6|;arithmic Curve^ and the Logarithmic^ Archimedean^ 
" and HyperboUc Spirals." 
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vi ADVERTISEMENT. 

dent from entering upon the work till he is duly 
prepared, and the second will enable him to 
judge how far it is likely to contribute to the 
attainments whic^ he has in view. 

It is expected then, that the young student 
should understand thoroughly the first six 
Books of Euclid, the first twenty-one Proposi- 
tions of the eleventh Book, the two first of the 
t^tr^lfth^ ^nd the ^^jt pripcipl^^ of Algebra. 
' Asf UQ. nqmher qan bp j^s^ignied $t9 » Kmjt to 
the p/openti?s. pjf itix^ ippnic sectipus, »ny trj^ti^e 
Qft the subjecjb cftn be Wppft$eid ^to lOpntain only 
^ aeliection of tho^e Mirhiph. jir^ wo^J: ijnportanjt 
aM i»P9t useful, eithep genemlly,-pr with re- 
fefeqce to tk^ p^ticuUi: design of Jthie Wrifeer. 
In the present instance the design has befsp, jtp 
fornish the youqg M^thep^a^ici^p with ^ch a 
sm^ of propo^iltipn^ %§ nii^bt pr^pftr>Q hijaa for 
cqn^idering son»j^ of th^ inp^t impQFJt^pt truths 
0» ^^iepcjB, 9pd ^^pal^le kim tfi ieptj^r on th^ 3tudy 
of Mtu^l philosophy, w^jt^ tl>e , prffspefit pf ft^ 
tfdping a JJv>.rougb Ifn^owledge of the sijbjfict. 
Ajqoordjpg to th§9.e vi^ivq^^e selection of prp- 
perties and the extent of the work have been re- 
gulated ; and at the same time the arrangei^ient 
and division of th^ whole hfive been made, with 
a design of accommodating two descriptions of 

readers. Those who are considered as constitut- 

•I ... , . , I t- • • 

ing the first class are supposed |;p bf| .^^siiiqqs of 



ADVERTISEMENT. vli 

a g^neratl but respectable portion of knowledge 
of the subject. For the use of such, a perusal of 
the thi^e Books will b6 found sufficient, as they 
cohtain th^ properties of the sections most fre- 
<][tiently referred td in pure and mixed mathcr 
matics, Fbr thoise who rank under the second, 
or higher description, a knowledge of the whole 
will be requisite, as it completes the original de'-- 
sign of rendering thfe Work a preparative for 
the NeWtotfiari Philosophy. The Author flat- 
ters himil)6tf indeed, that he ifthall be found to 
hii^ Carried hid elucidations of the Principia, in 
the folldwing sheets, considerably beyond what 
is tiBiial in treatises of Conic Sections. 

Sotifiething must now be added concerning; 
the particular method^ which has been adopted 
iti these sheets, of deducing the primary pro- 
perties of the sections from" the nature of the 
tone. 

It is well known, that about the middle of th6 
BisVenteenih century' a diflerehce of opini6n took 
piac^ among mathematicians concerning th^ 
proper source from which' the properties of th6 
conic sections should be deduced. But not- 
withstanding the objections which then began 
to be made to their deduction ftom the cone, 
and which have since been continued, it appears 
to the Author of this work, that the difficulties 
attributed to the deductions from it were not to 

A 2 



viii ADVERTISEMENT. 

to be imputed to the solid itself, but that they 
were occasioned solely by the manner in which 
the deductions had been made. The early 
writers did not happen to perceive that the 
general and extensive property, expressed in the 
forty-eighth article of this Treatise, could easily 
be obtained from the cone; and not adverting 
to this, their deductions from the cone were 
sometimes tedious and intricate. 

The above-mentioned property, as far as se- 
cants are concerned, occurs (I believe for the 
first time) in a folio volume, of which a treatise 
of conic sections makes a part, entitled, ^^ Eu- 
^^ elides Adauctus et Methodicus,** &c. published 
by Guarinus in 1 67 1. The property to the same 
extent is to be found in Jones's ^^ Synopsis Pal- 
" mariorum M atheseos,'* published in 1 706 ; but 
neither of these two authors considered the pro- 
perty as a fundamental one, nor do they seem 
to have been aware of the advantages it was ca- 
pable of producing. Its extensive utility was 
first evinced in Hamilton's Conic Sections pub- 
lished in Latin in IJ&S; and on the appearance 
of this work objections to the cone ought to have 
ceased. 

This was my persuasion when I published my 
first Treatise * on the subject ; and every deli- 

* In the year 1792 the author of the present work pub- 



ADVERTISEMENT, ix 

beration on the subject since has tended to 
strengthen my conviction of its justice for the 
following reasons. Firsts the whole trouble 
with the cone is reduced to a very few demon- 
strations^ for which no farther knowledge of 
Euclid is necessary than what is requisite for 
Spherical Trigonometry. Secondly, by this 
method the general properties are obtained with 
most ease and elegance. Lastly, by deducing 
the properties from the cone the treatise is ren- 
dered more extensively useful. No work on 
conic sections, confined to their description on a 
plane, can be applied to elucidations in Per- 
spective, Projections of the Sphere, the Doctrine 
of Eclipses, and in some other particulars of the 
highest importance in science. 

For the rest it need only be said, that the 
manner, in which the properties of the sections 
are classed and arranged, appeared to the Au- 
thor, on the whole, to be that which was best 
calculated to shew what properties are general, 
and what are appropriate to each of the sec- 
tions. 

N. B. When a demonstration, in the follow- 

Hshed a quarto Tolnme) entitled^ *' Sectionum Conicarum Li- 
" bri septem. Accedit Tractatus de Sectionibus Conicis, et 
** de Scriptoribtis qui earum doctrinam tradiderunt." The 
last jnentioned Tract contains a fiill historical account of the 
subject. 
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ing work, is effected by means dF two ranks of 
magnitudes, which, takdh two aiid two in the 
isame or in a cross order *, have the same ratio 
to one another, they are placed thus, 

A:B:C:D 

E:F:G:H; 
A, B, C, D representing the first rank, and 
E, F, G, H the second. Previousi to this ar- 
rangement of the magnitudes, their ratio to one 
another is established, and therefore it evidently 
appears in which of the two orders the magni- 
tudes art proportional. In order to arrange the 
magnitudes in this manner, it was necessary in 
a few places to use this mode of contraction, 

t.AB^Y 

or >, which means the square of A B if a 
s-ABJ 

tangent, or the rectangle under its segments if a 
secant. 

Besides the common signs of addition, sub-p 
traction, equality, and multiplication, > and < 
are used in some articles. The sign > may be 
read greater than^ for, being put between two 
quantities, it is used to indicate that the quan- 
tity which precedes is greater than what follows. 
The sign < may be read less than, for, being 



* That is either ex aeqiiali^ or ex ^equali in proportioned 
perturbata. 
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put between two quantities^ it is used to indicate 
that the quantity which precedes it is less than 
what follows. 

When an article is designated only by a num- 
ber^ it is to be understood as a corollary to the 
definition, proposition, or lemma immediately 
preceding it. 
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CONIC SECTIONS. 



BOOK I. 

Coniaining general Properties of the Sections deduced 

from the Cone. 

Art, I. IF through the point V, without the plane BOOK 
of the circle AFB, a straight line A VD be drawn, 



and extended indefinitely both ways, and if the point J^K* '• 
V remain fixed, and the straight line A VD be moved 
round the whole circumference of the circle, two Su- 
perficies will be generated by its motion, each of which 
is called a Conical Superficies ; and these mentioned to- 
gether ar^ called Opposite Superficies. 

%. A straight line drawn from the fixed point V to 
any point G in either superficies is wholly in that su- 
perficies ; and, being produced, the part on the other 
side of V is wholly in the opposite superficies. For a 
straight line having the same position which the gene- 
rating line A V D had, when it passed over the point 
G, is in the superficies ; and, being produced, the part 
beyond V is in the opposite superficies. Hence the 
article is evident; for only one straight line can be 
drawn from V to G, as two straight lines cannot in- .. 
close a spabe* 

B 



a GENERAL PROPERTIES 

BOOK 3. The solid contained by the conical superficies and 
the circle A F B is called a Cone. 

4. The fixed point V is called the Vertex of the 
Cone. 

5. The circle A F B is called the Base of the Cone, 

6. Any straight line drawn through the vertex of the 
cone to the circumference of the base is called a Side of 
the Cone, 

7. A straight line V C, drawn through the Vertex of 
the cone and the center of the base, is called the Axis 
of the Cone. 

8. If the axis of the cone be perpendicular to the 
base^ it is called a Right Cone. 

9. If the axis of the cone be not perpendicular to the 
base, it is called a Scalene Cone. 

10. A plane is said to touch a conical superficies, 
when it meets the superficies, and being produced 
indefinitely, in any direction, falls without the super- 
ficies. 

11. A straight line which meets a conical superficies, 
and which, being produjoed tx^h ways, £dls without 
the superficies, is called a Tangent ; but a straight line 
which meets a conical auper^cies in two points, or 
each of the opposite superficies in one point, is called a 
Secant. 

1%. K straight line is said to be parallel to a plane, 
when both being produced indefinitdy both ways, they 
do not meet. 

13. If a cone be cut by a plane, their common inter- 
section is called a Conic Section. 

14. The common intersection of any plane* not pass- 
ing through the veitex of the cone, with the conicaX 
superficies, is called the Curve of a Conic Section. 

PROP. I. 15. If a cone (V A F B) be cut by a pla»e pa39ifig 
^^' '• through the vertex (V), the section will be a iMwgle. 



DEDCrOED FROM THE CONE. 3 

For let the plane, passing through the vertex V, BOOK 
cut the plane of the base AFB in the straight line 
(3. xi.) A B, and the circumference of the base in tfee 
points A, B ; and let the straight lines V A, V B bci 
drawn. Then, as the points V, A, B are in the plane 
cutting the cone, the straight lines V A, V B are 
wholly in the same plane ; and as the points A, B are 
in the conical superficies, the straight lines V A, V B 
are also wholly in the superficies, by article 2. The 
straight lines V A, V B are therefore the common in- 
tersections of the conical superficies and the plane cut- 
ting the cone; and consequently the section VAB is a 
triangle. 

16. If a plane, passing tlirough the vertex, cut a Fig. r. 
cone, it will cut the opposite superficies in two straight 
lines, and only in those two. For if the plane VAB 

be extended on both sides of the vertex, it will cut the 
opposite superficies in the straight lines V A, V B pro- 
duced, and in them only. This is evident from the 
last, and art. a. 

17. If either of the opposite conical superficies PROP. II. 
be cut by a plane parallel to (A B D) the base of ^^^' ** 
the cone, the common intersection (F G H) of the 
superficies and the plane will be the circumference 

of a circle, and its center vnR be in the axis of the 
cone. 

For let C be the center of the base, and let V C, the 
axis of the cone, cut the plane F G H in the point I. 
Prom the point I, and in the plane F G H, draw any 
two straight lines I F, I G to the conical superficies. 
Through V I C, I F let a plane be passed, and let it cut 
the superficies in the side VF A, and the base of the cone 
in the straight line C A. Let a plane also be passed 
through V I C, I G, and let it cut the superficies in the 
side V G B, and the base of the cone in the straight fine 

B % 
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GENERAL PROPERTIES 



BOOK C B. Then (i5. xi.) F I, A C, and also GI, B C are 
parallel to one another^ each to each; and (ag. i.) the 



triangles A C V, F I V, and also the triangles B C V, 
G I V are equiangular, each to each. 
Consequently (4. vi.) AC:FI :: VCiVI, 
and VC: VI :: BC;Gl5 

and therefore (11. v.) A C : F I : : B C : G I. 
But A C=B C, and therefore (14. v.) F I=G I. 

In the same manner it may be proved that any other 
straight line drawn in the plane F G H from the point 
I to the conical superficies is equal to F I ; and there- 
fore F G H IS the circumference of a circle^ and the 
point I, in the axis V C, is its center. 

18. From the last, and art. i. it appears that any circle 
parallel to the base of the cone, having its center in the 
axis, and its circumference in either of the opposite 
superficies, may be taken for the base of the cone. 

19. The solid contained by the conical superficies 
V F G H, opposite to V A B D, and the circle F G H, 
is a cone 5 and the cones V A B D, V F G H, having 
the common vertex V, and whose superficies are oppo- 
site, being generated by the same line, as in art. i, arc 
called Opposite Cones. 

Fig. 3. 2,0. If the plane V B E touch the conical superficies 
in the side V B, and the cone V A B F be cut by the 
plane F D C parallel to the plane V B E, the section 
F D C, formed by the cutting plane and the cone, is 
called a Parabola, 

ai. The plane V B E is called the Fertical Plane to 
the Parabola. 

22. As the cone may be indefinitely extended, it is 
evident that the parabola may also be indefinitely ex- 
tended; and as the parabola does not surround the 
cone, it is evident- that its curve does not include a 
space. 
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33. An indefinite number of straight lines parallel to BOOK 
VB may be drawn in the plane of the parabola. For 



if a jdane pass through VB and any point in the para- 
bola^ its copimon section with the plane of the para- 
bola {i5. xi,) will be parallel to V B. 

44. If the cone V A B C be cut by a plane, and the Fig. 4* 
section D K L H, formed by the plane and the cone, 
surround the cone, and is not a circle, it is called an 
Ellipse. 

^5. If the opposite cones VABE, VMN, be cut Fig. 5. 
by a plane V B il passing through the vertex V, and 
be also cut by a plane parallel to V B £, forming 
with the opposite cones the sections F D C, Q R S ; 
each of the sections FD C, Q R S is called an Hyper^ 
lola^ and when mentioned together they are called Op- 
p9site Hyperbolas. 

26. The plane V B E is called the Verikal Plane to 
the Hyperbola, or Opposite Hyperbolas. 

27. It is evident, as each of the opposite cones may 
be indefinitely extended, that an hyperbola may be in- 
definitely extended, and that its curve does not include 
a space. 

a8. An indefinite number of straight lines parallel to 
V B or V E may be drawn in the plane of the opposite 
hyperbolas. For if a plane pass through V B, or V E, 
and any point in either of the hyperbolas, its conimon 
section with the plane of the hyperbolas will be pa- 
rallel (16. xi.) to VB or VE. 

Q,g. A straight line in the plane of a conic section^ 
which meets the curve, and which being produced 
both ways falls without it, is called a Tangent ; but a 
straight line which meets the curve of a conic section 
in two points, or each of the opposite hyperbolas in 
one^ is called a Secant. 

30. Scholium. Although only the Parabola, Ellipse, 
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BOOK and Hyperbola, are denominated Conic Sections, the at- 
tentive reader wiU readily perceive from the foregoing 



articles, that five different Sections may be formed by 
the intersections of a cone and a plane varying its posi- 
tion. For if a straight line parallel to the base be 
within the cone and remain fixed, and a plane move 
about it as an axis, when the plane passes through the 
vertex, the intersection of the cone and plane will be a 
triangle, as in article 15. When the plane has moved 
from the vertex, but still cuts both the opposite cones, 
the section formed in each wiU be an hyperbola,, as in 
* article 25. When the plane, proceeding in its motion 
round the fixed straight Kne, ha» arrived at a position 
parallel to that of a plane touching the cone in one of 
itir sides, the section which it then forms with the cone 
is a parabola, as in article 2,0. In any other position 
of the moving plane, besides those already mentioned, 
an ellipse or circle will be formed with the cone. 

PROP. III. 31. If a straight line (D E) touch a conic section 

^* * ^GDH), a plane passing through (V) the vertex of 

the cone and the tangent (D E) will touch the cone 

(V A C B) in that side (V D C) which passes tbroi^ 

the point of contact. 

For, as D E touches the section in D, every point ki 
D E, excepting D, falls without the curve of the sec- 
tien, and consequently without the cone. It is there- 
fore evident, from article a, that any straight line 
drawn from V, excepting VD C, in the plane passing 
through V D C, D E, will fell without the conical su- 
fserficies, and that this plane will touch the cone in the 
side V D C. 

PROP. IV. 32. If a straight line (D E) touch a conic section 
(G D H), no other straight line (I D) can touch it in 
the same point (D). 
For, if possible, let I D also tcmdk ihe section in D, 
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and through V and I D let a plane pass and cut the book 
plane of the base of the cone in the straight line K C< ^' 
Then as, by the kst article, the f^ne V C K touches 
tie cone in the side V C, the straight line K C touches; 
liie circle in C. For the same reasons if the plane 
passing through V and D E cut the plane of the ba^e 
in the straight line F C> this line will abo touch the 
circle in C. The two straight lines tibfefore K C, 
F C are tangents to the circle at C, which (i6, iii,) is 
impossible. 

53. If a straight ^d as D £ touch the conical super- 
£cies. Of a conic section G D H, a!nd a side V D C of 
the cone be drawn through D the point of contact, 
a plane paissing through this side of the cone and the 
tangent D £ win touch the superficies of the cone; 
and being produced beyond V, it will touch the oppo- 
site superficies in V C produced^ This is evident trom 
the last two attid^es. 

34. If thfe section G D H be an hyperbola, the tan- 
gent D E cannot mecjt the oi^)osite 'hypeAola. For 
D £ is^ the cJommOii intersection of the jdane V C F and 
the |4ane of the section G D H, and, by erticie 3 1, 
the plane V C F touches the opposite superficies in 
C V produced. It is therefore evident from article 3^5, 
that the tangent D E cannot meet the opposite hy- 
perbola. 

c^$. Lemma* If two straight Bncs (A D, B C) be pa- Fig. 7. 
rallel, and if planes (A D F, B C F) pass through them 
and cut one another (in E F), the common section 
(E F) win be paraUel to each of the two first men- 
tioned straight lines. 

For let A D be at right angles to* a plane A B E, and 
then (8. xi.) B C is also at right angles to the. plane 
ABE. Consequently each of the planes A E F D, 
BEFC (i». xi.) is at right angles to the plane ABE, 

B4 
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BOOK and therefore £F (19. xi.) is at right angles to the 
same plane, and E F (6. xi.) is parallel to AD, B C. 



PROP. V. 36. If a ftraight line (V G) pass through the vertex 
Tig. 14, 15- (V) and fall without the opposite cones (VAMB, 
DVE), two planes, and only two, can be drawn 
through it to touch the superficies, and these planes 
will be on the opposite sides of a plane (V C F) pass- 
ing through the straight line (V G), and cuttbg the 
base (in C F). 

Fig. 14. First let the straight lines V G, C F be parallel. Let 
C F be bisected in L, and draw I L M at right angles 
to C F, and let it meet the circumference of the circle 
in the points M, I. Let a plane pass through the 
straight line V G and the point I, and this plane will 
touch the superficies. For let it cut the plane of the 
base in the straight line I K. Then as C F, V G are 
parallel, and as the plane of the base passes through 
C F, and the plane V I K passes through V G, the in- 
tersection I K of these planes will be parallel to C F, 
by article 35. But as I M bisects C F at right angles, 
it passes through the center of the circle (Cor. 1. iii.), 
and as I K, C F are parallel, and as the angle I L F is 
a right one, the angle K I L is also a right one {2,g. i.), 
and therefore I K (16. iii.) touches the circle in L Con- 
sequently, by article 33, the plane passing through 
V I, I K, or, as above, through V G, VI, touches the 
superficies ; and in the same manner U may be proved 
that the plane passing through V G and the point M 
touches the superficies. 

Fig. 15. Secondly, let the straight line V G be not parallel to 
C F, but let it meet it in K. Draw K I, K M (17. iii.) 
touching the base in I, M ; and then the plane passing 
through V G, I K, and also that passing through V G 
and M K, will touch the superficies, by article 33. 
It is eyident, in either case, that no other plane, be- 
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sides the above-mentioned two, can pads through V G, BOO K 
and touch the superficies ; and that one of these tan- .__ 
gent planes is on the one side, and the other on the 
opposite side of the plane passing through V G, 
CF. 

37. If a conic section surround the cone, two straight prop. VL 
lines, and only two, parallel to one another, can be 
drawn to touch the section; if the section does not 
siuTOund the cone, no straight line, parallel to a tan- 
gent, can be drawn to touch the section ; but if the 
section be an hyperbola, one straight line, and one 
only, parallel to a tangent, can be drawn to touch the 
opposite hyperbola. 

Part I. Let the section D H L K surround the cone Fig. 4. 
V A FB, and let the straight line GD touch the sec- ' 
tion in the 'point D : another straight line, and only 
one, parallel to G D, can be drawn to touch the sec- 
tion. 

For let V D A be the side of the cone passing 
through D, the point of contact, and let a plane pass 
through V A, D G, and this plane will touch the 
conical superficies in the side V A, by article 33. In 
this plane, and through V, the vertex of the cone^ 
draw V T parallel to D G. Then V T will fall with- 
out the opposite cones; and by article 36, another 
plane can be passed through V T touching the co- 
nical superficies. Let this plane touch the super- 
ficies in the side VLB, and let its intersection with 
the plane of the section D H L K be L I. Then as L I 
is in tKe plane touching the cone in the side V L B, it 
meets the conical superficies in the point L only. It 
will therefore meet the curve of the section D H L K 
in the point L only, and consequently it will touch the 
section: and as the plane T VL I passes through VT, 
and the plane of the section passes through D G pa^ 
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BOOK raUel to V T^ by article 35, L I is parallel to D O. 
And as no other plane passing through V T can touch 
the conical superficies^ besides the two T V A^ T V B, 
it is evident, from article 35^ that no other straight line 
besides L I, parallel to D G, can be drawn to touch tho 
section D H L K. 

Fig. 3. Part II. Let FD C be a section which does not svr^ 
j. round the cone^ and let D G touch the section in the 
point D. No other straight line^ parallel to D G, can 
be drawn to touch the section. 

For let V B E be the vertical plane to the parabola, 
or hyperbola, as in articles 20, ai, a^, a6. Let VD A 
be the side of the cone passing through D, the point of 
contact ; and through V D A, D G let a plane pass, 
and let it cut the vertical plane in the straight line VT. 
Then, by article 33, the plane V D G will touch the 
conical superficies, and (16. xi.) D G, VT wiXk be pa- 
rallel; and as VT is in the plane, touching the conical 
8up«*fieies in the side V D A, it will fall without the 
opposite cones. Another plane, therefore, and only 
one, can be passed through V T to touch the conical 
superficies, by article 36. But when the section is a 
parabola, the other plane passing through VT, and 
touching the superficies, is the vertical plane V B £, 
which is parallel to the parabola. When the section is 
an hyperbola, then the vertical plane VBE passes 
through V T, and cuts the base of the cone in the 
straight line B E ; and supposing T V L to be the other 
plane passing through V T, and touching the conical 
superficies, the planes T VL, VD G are on opposite 
sides of V B E, by article 36. Consequently the pkne 
T V L cannot meet the hyperbola FD C. It therefore 
follows from the above, and article 36, that if the sec* 
tion does not surround the cone, no straight Une, pai- 
rallel to a tangent, can be drawn to touch the section. 
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Part HI. Let F D C, Q R S be opposite hyperbola*, BOOK 
«xid let D G touoJihthe hyperbola F D C in the point '* 



D. Then one straight line, and only one, parallel to Fig. 5. 
D 6 can be drawn to touch the opposite hyperbola 

QRS. 

For, every thing remaining as in the preceding piui^ 
through the sides V A, V L, in which the j^nes 
T V A, T V L, passii^ through T V parallel to J) G, 
touch the superficies, let a plane be passed, cutting the 
vertical plane in the straight line V W and the plane of 
the hyperbolas in the straight line D R. Then as 

V W, R D, L V are in the same plane, and as (16. xi.) 

V W, RD are parallel, and L V meets V W, it will 
(ax. 12. i.) also meet R D. Let them meet in the point 
R. Then as the plane T V L touches the opfx>site 
cone M V N in L V produced, it will meet the plane of 
the hyperbolas in the point R. Let the intersection of 
thefe two pknes therefore be R X ; and as the plane 
of the hyperbolas passes through D G, and the jdane 
T V L passes through T V parallel to D G, by artidb 
5 j, R X is parallel to D G ; and being in the plane 
touching the conical superficies, it will touch the hy« 
perbola Q R S in the point R. It is also evident, for 
the same reasons as are mentioned above, that no other 
straight. line parallel to R X, or D G, can be drawn to 
touch the hyperbola Q R S. 

38. If a stra^ht lime touch a conic section, a straight 
line drawn through any poini within the section, and 
parallel to it, will meet the curve in two points. For Rg. 3, 4, 5, 
let every thing remain as in the last article, and let P 
be any point within the section. Through V T and 
the point P let a plane be passed, and let this plane 
cut the plane of the section in the straight line H K ; 
and, by article 35, H K will be parallel to G D the tan- 
gent, and also to V T. Now as the point P is within 
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. the seciion it is also within the cone, and therefore, by 
_ article 15, the plane passing through V T and the point 
P will cut the cone in two sides ; and as these two 
sides and V T, H K are in the same plane, and V T, 
H K are parallel, H K will meet each of these two 
sides, by (ax. la. i.) ; and as H K is in the plane of the 
section, it must meet the curve of the section in the 
same points in which it meets these two sides of ihe- 
cone. It ia also evident from the above, and article 
37, that a straight line drawn through any point within 
the opposite hyperbola Q R S, and parallel to G D, will 
meet the curve Q R S in two points. 

39. If a straight line meet the curve of a conic sec- 
tion in two points, two straight lines may be drawn 
parallel to it to touch the section, if it surround the 
cone ; but if the section does not surround the cone, 
only one straight line parallel to a secant can be drawn 
to touch the section ; and, if the section be an hyper- 
bola, only one straight line parallel to a secant can be 
drawn to touch the opposite hyperbola. For, let H, 
K be the points in which the secant H K meets the 
curve of the section ; and through H K and V, the ver- 
tex of the cone, let a plane be passed, and, if the sec- 
tion surround the cone, draw V T in this plane parallel 
to HK. Then as this plane, by article 16, can only 
cut the oppofite superficies in straight lines drawn 
through V the vertex and the points H, K, it la evi- 
dent, that VT must fall without the opposite cones. 
Consequently, by article 36, two planes can be passed 
through V T to touch the conical superficies, one on 
each side of H K ; and the intersections of these planes 
with the plane of the section will touch the section, 
and, by article 35, these tangents will be parallel to 
H K. If the section does not surround the cone, 
let the plane passing through the secant H K and V 
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cut the vertical plane VB E in the straight line VT, B09K 
and, for the same reasons as are mentioned above, V T 
will fall without the opposite cones. Then through 
V T two planes may be passed, by article 36, touching 
the cbnical superficies. But, according to article 38, 
only one of these planes can meet the parabola, and 
one of them can meet the hyperbola, and the other the 
opposite hyperbola ; and, by article 35, G D, the in- 
tersection of the plane TVA with the plane of the 
section F D C, will be parallel to H K, and R X the 
intersection of the plane TVl^with the plane of the 
opposite hyperbolas, will also be parallel to H K, and 
each of the straight lines G D, R X must touch the 
section which it meets. 

40. If a straight line meet the curve of a conic sec- 
tion in two points, any straight line parallel to it, drawn 
through a point within the same section, or, if the sec- 
tion be an hyperbola, within the opposite hyperbola, 
will also meet the curve of the section, in which it is 
drawn, in two points. 

For, by article 39, a straight line parallel to the first 
mentioned straight line can be drawn to touch the 
section or opposite hyperbola; and, by article 38, a 
straight line drawn through any point within the sec- 
tion and parallel to the tangent will meet the section 
or opposite hyperbola in two points. Hence (30. i.) 
this article is evident. 

41. If a straight line (C D) meet each of the curves PROP. vii. 
(C A, D B) of two opposite hyperbolas in one point ^* * 
(C, D), a straight line (A B) parallel to it, drawn 
through any point in the plane of these sections, will 

also meet each of the curves of these opposite hyper- 
bolas in one point. 

For let V be the vertex of the opposite cones, in 
which the hyperbolas are formed, and through C D and 
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BOOK V let a plane be passed^ and let it cut a plane passing 
^' through AB ajid V in the straight line VT. Thea 



s 



the plane passing through C D and V must cut the 
opposite cones in the sides V C, V D ; and, by article 
35, V T is parallel to C D and also to A B. Ag^n, 
as V T is in the plane VCD, and as this plane, by ar- 
ticle 16, cuts the opposite superficies only in V C, 
V D, or in these lines produced, it follows that V T 
£ills within the opposite cones. The plane passing 
through VT, A B will therefore cut the opposite coned 
in two sides; and from the above, (and ax. I2. i.) 
A B will meet one of these two sides in the one su- 
perficies, and the other in the opposite superficies* 
But as A B is in the plane of the opposite hyperbolas 
A C, B D, it must meet the curve of each hyperbola 
and the superficies, in which this hyperbola is, in the 
same point. The straight line A B will therefore meet 
the curve of each of the opposite hyperbolas in one 
point. 

42. If a straight line meet each of the curves of oppo- 
site hyperbolas in one point, it will fall wholly without 
the hyperbolas, but being produced it will fall on the 
one side within one hyperbola, and on the other 
within the opposite hyperbola. For it is evident that 
C D is without the opposite cones, and that being pro- 
duced it falls on the one side within one cone, and on 
the other side within the opposite cone. 
^>«-> 43* Lemma. If two straight lines (AB, CB) cut- 
ting one another be parallel to a plane (D G HE), a 
^ plane passing through them will be parallel to the 
same plane. 

For let F be any point in the plane D G H E. 
Through A B and F let a plane be passed, and let it 
cut the plane D G H E in the straight line D F H ; and 
let a plane passing through C B and T? cut it in E F G. 
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Theo will AB be parallel to D FH^ and CB will be BOOK 
parallel to E F G. For if not, then A B wiU meet ^' 
D F H, aod € B will meet £ F G, and consequently 
AB, CB wayi meet the plane D GH£, in wbicbDH, 
£ G are, contrary to the hypothesis. The plane pasa-* 
ing through AB, C B (15. xi.) is th^efore parallel to 
the plane D G H £. 

44. iLmmfl. If AB, BC, DE, EF, GB,BH, IE, Rg-wu 

£ K foe eigjht straight lines, and first 

^ fAB : BC :: DE : EF, 

if the hypothesis be|^g : B H : : I £ : EK5 

theaABxGB:BCxBH::DEKlE:EFxEK. 
Or, secondly, if (he hypothesis be 
ABxGB:BCxBH::DExIE:EFxEK, 
and AB:BC ::DE: EF; 
thenGB :BH :: I E:EK. 
In order to prove the preceding assertions, let the 
first and second, the third and fourth, the fifth and 
sixth, the seventh and eighth, of the eight straight 
Hues, taken two and two, be in the same straight line ; 
and let these straight lipes be at right angles to one 
another, and let the rectangles be completed as repre"* 
sented in the figure. Then by the first hypothe$is (and 
I. vi.) a^d placing for ex sequali, 

ABxGB:BCxGB:BCxBH 
DExI E:EFxI E: EFxEK, and therefore 
ABxGB:BCxBH : : DExIE:EFxEK, 
which is the first assertion- 

Again, by the second hypothesis and inversion (^nd 
I. vi.) and placing for ex aequali, 

BCxGB: ABxGB:BCxBH 
EFxI E :DExI E:EFxEK, and therefore 
BCxGB:BCxBH::EFxIE:EFxEK. 
Consequently (i. vi.), GB : B H : : I £ : EK. 

45. If a straight line (G H) touching either, or o«t- PROP. 
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BOOK ting one or both of the opposite superficies, meet a 
'• tangent (F P) or secant (D E) parallel to the base of 



Fig. II, 12, the cone, its square, if a tangent, or the rectangle un- 
der its segments, if a secant, will be to the square of 
the tangent, or the rectangle under the segments of the 
secant, which it meets, in the same ratio, wherever the 
point of concourse maybe in the first mentioned line*". 

Fig. 1 1, 12. Let VL be drawn through the vertex parallel to 
G H, and first let it meet the plane of the base in L, 
and let the plane passing through the parallels VL, 
G H cut the base in L B A, and the cones in the sides 
BVK, AVI. Through DE let a plane be passed 
parallel to the base, and let its line of common section 
with the plane of the triangle AVB be IK. Let the 
secant G H meet the conical superficies, or opposite 
superficies in G, H, and let it meet D E and I K in F. 
Then as GH is parallel to VL, and (i6. xi.) I K to 
A L, the triangles V B L, H K F are similar, as are also 
the triangles V A L, G I F, and 

VL: AL :: GF : IF, and 

VL: LB :: F H : F K. 
Consequently, by article 44, 

VL*: ALxLB : : G FxF H : I FxFK. 
But, by article 17, I D K E is a circle, and therefore 
(35. or Cor. 36. iii.) IFxFK=DFxFE. If, when the 
point F is without the circle, F P be drawn touching 
the circle in P, then (36. iii.) DFxFE = FP*5 and 
therefore VL*: ALxLB :; GFxFH:DFxFE 
or F P% the secant D E or the tangent F P being pa- 
rallel to the base. 

* When two secants meet one anothei<, the segments of eitfier of the- 
two are its parts between the point of concourse and the points in 
which it meets the superfides ; and if a tangent meet a secant, or ai^ 
other tangent, its magnitude is limited by the point Of concourse^ and 
its point of contact 
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If G H touch the superficies in T ^nd meet D £ BOOK 
in the plane of the circle D K P E in F, let the plane 



passing through the parallels G H, V L touch the base Kg- 16. 
in C, the point in which V T meets the base^ and cut 
the plane of the circle D K P E in F P, and then F P 
will touch the circle in P. Then as V L is parallel to 
T F and (i6. xi.) L C to F P, we have V L : L C : : 
F T : F P, and therefore, {%%. vi.) V L* : L C* or A L 
xLB::FT*:FP*orDFxFE. 

If V L, and consequently G H, be parallel to the 
base, the section formed with the cone by a plane 
passing through G H and D E or F P will be a circle 
by article 17. In this case therefore (36. iii.) the square . 
of GH, if a tangent, or the rectangle under its seg- 
ments, if a secant, will be to the square of F P, a tan- 
gent, or the rectangle under the segments of D E, a 
secant, in the ratio of equality, wherever the point of 
concourse may be in G H. 

46. Every thing remaning as in the last article, if 
a second straight line be parallel to G H, and touch 
either or cut one or both of the opposite superficies, 
and also meet a straight line parallel to the base and 
which touches or cuts either superficies, the square of 
this second, if a tangent, or the rectangle under its seg- 
ments, if a secant, will be to the square of the line 
lybich it meets, if a tangent, or the rectangle under its 
segments, if a secant, either as V L* to A L x L B, or 
the ratio will be that of equality. 

For if this second straight line, and consequently 
G H, be not parallel to the base, by article 35, a plane 
passing through it and V will cut the plane V AB L 
in the straight line V L, and therefore, in this case, 
by the last article, (and 35. and 36. iii.) the preceding 
assertion is evidently true. 

If this second str^ght line, and consequently G H, 

c 
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BOOK be parallel lo the base, then the section formed with 

' the cone and a plane passing through the second and 

the straight line which it meeis, will be a circle, by 

article 17 ; and in this case, as in the last of article 45, 

the ratio above menlloned is that of equality. 

47. Scholium. As every point in the curve of a conic 
section is also in the conical superficies, it is evident 
that all the articles demonstrated concerning straight 
lines touching or cutting the conical superficies, or op- 
posite superficies, may be transferred to straight lines, 
which in the same manner touch or cut a conic section, 
or opposite hyperbolas. 
PROP. IX. 48. If there be four straight lines in the plane of a 
"''' ' "' conic section, and if A B the first meet C B the second, 
and D E the third meet F E the fourth, and if ihe first 
be parallel to the third, and the second to the fourth, 
and if each of them either touch or cut a conic section, 
or cut opposite hyperbolas; then the square of A B, if 
a tangent, or the rectangle under its segments, if a se- 
cant, will be to the square of C B, if a tangent, or the 
rectangle under its segments, if a secant, as the square 
of DE, if a tangent, or the rectangle under its seg- 
ments, if a secant, to the square of F E, if a tangent, or 
the rectangle under its segments, if a secant. 

Case I. If the straight lines AB, C B, and conse- 
quently D E, F E, he each parallel to the base of the 
cone in which the section was formed, or ihe base of 
the opposite cone, the section must be a circle, by 
article 17, and the ratio above stated will be that of 
equality. 

Case 2. Let A B, D E be not parallel to the base of 
the cone, in which, or in which and its opposite, the 
section or opposite hyperbolas were formed ; but let 
CB, FE be parallel to the base, and then, by article 
46, {and II. V.) the assertion is evidently true. 
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Giaej. Lot ndther AB nor CB» luid eonstquently BoaK 
nrither DE nor FE, be paralkl to the bale of the ^' 
cone; but suppose B Q, E H to bo Btndght lines, pa- 
i«iU to the base of the oone in which the section, or 
in which and the opposite cone the opposite hyperbo- 
las were formed; and let B Oy E H touch or cut either 
of the opposite conical superficies. Then by article 
46I, (and 21. T.) the square of A B, if a tangent, or the 
rectan^e under its segments, if a secant, will be to the 
square ef B O, if a tangent, or th& rectangle under its 
Mgments, if a secant, as the. square of D E, if a tan- 
gent, or the rectangle under its segments, if a secant, 
to the square of £ H, if a tangent, or the rectangle vat* 
der its segnunts, if m. aeeant. Again, by the same and 
inversion, the square of B 6, if a tangent, or the rec- 
tangle under its segments, if a secant, is to the square 
of C B^ if a tangent, or the rectangle under ka seg« 
ments, if a secant, as the square of £ H, if a tangent, 
or the rectangle under its segments, if a secant^ to the 
square of FE, if a tangent, or the rectangle under its 
segments, if a secant. Consequently, 



t. ABn rt.BGn rt. CB* 

or > : < or > : < or 
s. ABO Is^BGM Is. CB' 



n cu B on rt. 

rj ' VbG'J \s. 

t.DE*Y rt.EHn rt 

or /• •• s or r ' 'i 
S.DEO Is.EH'J ts. 



FE* 

or 

FE' 



Tlie squane of A B therefore {m. v.) if a tangent, or 
the rectangle under its segments, if a secant^ is to the 
s^piare of C B, if a tangent, or the rectangle under its 
segments, if a secant, as the square of D E, if a tangent^ 
or the rectangle under its segments, if a secant, to the 
square of F E, if a tangent, or the rectangle under its 
segments, if a aecant. 

c 2 
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BOO K If A B, C B; D E, F E be tangents^ then it is evident 

'• (ai. vi.) that AB : CB : : DE : F E. 

PRO^». X. - 49. Any Straight Ene (D C) parallel to a side (VB) 

^'«* '^' '9- of a cone (VAMB), provided it l)e not in the plane 

touching the cone in that side, will meet one of the 

opposite superficies * in ' one point, and in one point 

only. 

Let a plane pass through the parallels D C, V B, 
and as, by hypothesis, DC is not in the plane touch- 
ing the cone in the side VB, the plane passing through 
D O, VB must cut the cone. Let it cut the cone .in 
A V, B V and the opposite superficies in the straight 
lines A V, B V produced. Then as A V meets B V 
in V the vertex, and as it is in the same plane with the 
parallels VB, D C, (by ax. la. i.) AV, or A V pro- 
duced, must also meet D C. Let them meet in D. 
Then D C must meet one of the superficies in D, and 
as it is parallel to V B, it is evident it cannot meet the 
other superficies ; for on one side of D it is entirely 
within one of the superficies, and on the other entirely 
without both. 
PROP. XI. 50. If a straight line (D C) parallel to a side (VB) 
I'lg- i8>i9- ^f jj^g ^Qjjg fy^ ^ B) ^j^^ either of the conical super- 
ficies (in D) and meet two straight lines (EI F, LRT 
in the points E and R) parallel to the base of the cone, 
and which cut either superficies (in the points I, F and 
L, T) ; the segments (D E, D R) of the first mentioned 
line between the superficies and the points of concourse 
will be to one another as the rectangles (lExEF, 
L R X R T) under the segments of the secants. 

For through the parallels D C, V B let a plane pasa, 
and let it cut the plane of the base in the straight; line 
A C B, and the superficies in AV, B V. Through each 
of the straight lines LRT, E I F let a plane pass pa- 
raUel to the base AMB, andlet OLNT, IFHG 
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-be the circks formed, as in article 17. Let EGH, BOOK 
O R N be the intersections of these circles and the plane •... 
passing through A V, B V. Let EGH meet AV in . 
G and B V in H; and let ORN meet AV in O and 
BV. in N. Then (16. xi.) the straight lines EGH, 
ORN, A C B are parallel, and therefore E H, C B, 
R N are equal ; and by similar triangles we have^ 

DE: DR :: E G : O R. 
Hence (cor. i. vi.) D E : D R : : E GxE H : O Rx 
R N, and therefore (35. and 36. iii.) 

DE:DR : : lExEF : LRxRT. 
51. If a straight line parallel to a side of the cone 
cut either of the opposite conical superficies, and meet 
two straight lines parallel to the base, and which meet 
either superficies ; its segment between the superficies, 
and the first of the two parallel to the base, will be to 
its segment between the superficies and the second, as 
the square of the first, if a tangent, or the rectangle 
under its segments, if a secant, to the square of the se- 
cond, if a tangent, or the rectangle under its segments, 
if a secant. For every thing remaining as above, if 
E P be parallel to the base, and touch either superficies 
in P, E P will be in the plane of the circle I F H G and 
(36. iii.) the square of E P will be equal to the rec- 
tangle under IE, EF. And, for the same reasons, 
if the point R were without the circle, the square of a 
straight line parallel to the base, drawn from R and 
touching either superficies, would be equal to the rec- 
tangle under L R, R T. 

^2* If a straight line (B C) cutting a parabola orPROP.xiL 
hyperbola (in the point A) be parallel to a side of the ^**' '^' 
cone in which the section is formed, and meet two 
straight lines (B D, C E) which are parallel to one 
another, and meet the same section or the opposite hy- 
perbolas; its segment (AB) between the curve and 

C3 
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BOOK the first of the two parallels will be to ita s^ment 
(A C) between the curve and Ae 8econd> as the square 



!%• 13- of (B D) the first, if a tangent, or the reetangle under its 
segments, if a secant, to the square of (C £) the second, 
S a tangent, or the rectangle under its segments, if a 
secant. 

If B D, C£ he parallel to the base of the cone, thia 
is evident from the last article; but if tbey are not, let 
B F, C O be parallel to the base, and let them touch 
or cut the same section or ofqposite hyperbolas* Then^ 
by the last article, 

AB : AC ::*!t.BFors.BF':t. CG*<wa.CG% 
and by article 48, t. B F* or s. B F' ; t. C G^ or 

s, C& :: t.BD*or8. BD':t.CE*orft. CE";* 
Hence (ii. v.) 

AB : AC :: t, Biyora. BD' : tXE^ors. CE^ 
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BOOK II. 
Of the Ellipse and Hyperbola. 

53* X HAT point within an ellipse or between oppo« BOOK 
nt^ hyperbolas, in which every straight line, passing ^^' 
through it and terminated by the curve or opposite 
outves, is bisected, is called the Center of the ellipse, or 
ihe Center of the hyperbola or opposite hyperbolas. 

54* Any straight line passing through the center c^ 
an ellipse, and terminated by the curve, is called a Dkt-- 
fUeter <^ the ellipse. 

55* A straight line passing throng the center of 
opposite hyperbolas, and terminated by the opposite 
corves, is eddied a Transverse Diameter of the opposite 
hyperbolas, or of either of the of^site hyperbolas. 
And a straight line passing through the center of op- 
fositc hyperbolas, and bisecting a straight line not 
passing throu^ the center, and terminated by the op- 
foiite curves, is called a Second Diameter of the op- 
ppsilA hyperbolas, or of either of the opposite hyper- 
bolas. 

~5$* Any str^ght line not passbg throu^ the cen- 
ter of an eUipse, or opposite hyperbokis, terminated by 

c 4 
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BOOK the curve of the ellipse or either hyperbola, or by the 
' opposite curves, and bisected by a diameter, is called a 



Double Ordinate to the bisecting diameter ; and its half 
is simply called an Ordinate to it, 

57. The points in which any diameter of an ellipse 
meets the curve, or in which any transverse diameter 
of opposite hyperbolas meets the opposite curves, are 
called the Vertices of the diameter 5 and the segments 
of a diameter, between an ordinate and its vertices, are 
called Abscisses A 

58. Two diameters of an elHpse, or opposite hyper- 
bolas, of which each bisects all straight lines termi- 
nated by the curve, or opposite curves, and parallel to 
the other, are called Conjugate Diameters. 

59. A diameter of an ellipse, or opposite hyperbolas, 
which cuts its ordinates at right angles is called an 
Axis of the ellipse, hyperbola, or opposite hyperbolas. 

Fig. 20. 5o. Lemma. If the points C, D be so situated in the 
straight line A B that the rectangle D A C is equal to 
the rectangle C B D, then A C is equal to B D : or if 
the rectangle ACB be equal to the rectangle BDA, 
then A C is equal to B D. 

Case I. Let CD be bisected in E, and then (5. 11.) 
DAC + CE'=AE% and CBD + DE*=BE^ and 
therefore A E*=B E», A E=B E, and A C=B D. 

Case 2. Let AB be bisected in E, and then (5. ii.) 
ACB + EC*=AE*=BE*=BDA+ED% and therefore 
EC*=ED%EC=ED, andAC=BD. 

PROP. I. 61. If two parallel straight lines both touch or both 
cut, or one of them touch and the other cut, an ellipse, 
opposite hyperbolas, or an hyperbola, and if a straight 
line be drawn through the points of contact or bisect- 
ing the parallel secants, or through the point of con- 
tact and bisecting the secant parallel to the tangent, 
and if another straight line be drawn bisecting it, ^in 
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C,) and parallel to the two first mentioned lines, each BOOK 
of the two lines thus drawn will bisect any secant pa- __J_^ 
rallel to the other. 

Case I. Let the parallel straight lines AB, FGRg. 21,33. 
touch an ellipse D H E K or opposite hyperbolas H I, 
K L in H and K, and, the straight line H K being 
drawn, let D E be drawn parallel to the tangents and 
bisecting H K in C ; each of the two lines H K, D E 
thus drawn will bisect any secant parallel to the other. 
Let I N be a secant parallel to D E, and if P be the 
point in which H K cuts it, it will be bisected 4n P. 

For through I and N let B G, AF be drawn parallel 
to H K, and let the first of these meet the tangents in 
B, G the curve again in L, and D E in M, and the other 
meet the tangents iii A, F the curve again in O, and 
D E in Q. Then, by article 48, 

HB^iLBxBI :: KG^iIGxGL; 
and as (34. i.) HB = KG, the rectangles (14. v.) 
L B I, I G L are equal ; and therefore, by article 60, 
G L=B L For the same reasons F O = A N = B T, 
and therefore ILssNO, dnd the rectangles L B I, 
O A N are equal. But, by article 48, 

LBxBI:HB* :: OAxAN:HA% 
and therefore (14. v.) HB=H A, and (34. i.) PI=PN. 
If I L be any secant parallel to H K, and the rest be 
as already stated as to the parallelism of the lines in the 
figures, then as above BIrrGL, and as HC = KC, 
B MacGM, and therefore I L is bisected in M. 

The conclusion will be the same in the ellipse, if Fig. 31. 
BG, AF touch the section. The (Jnly difference in 
the figure will be that L will coincide with I, and O 
with N, and in the demonstration that the rectangles 
LBI, LGI, OAN will become equal squares. 

Case 2. Let AB, FG be two parallel secants, and Fig. 33, 24. 
let the secant VO bisect them in Hand K, and let 
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BOOK DEbeparalleltoAB, FGandbiaectVOinC; each 
^^' of the lines V 0, D E will Insect any secant parallel to 
the other. 

Let I N be a secant parallel to D E^ and if P be the 
point iu which H K cuU it^ it will be bisected in P. 

For through F, G let the straight lines F S, GT be 
drawB parallel to HKVO9 and let the first of these 
meet AB in Q, I N in L^ and the curve of the sectioaor 
that of the opposite hyperbola in S. Let the other 
meet A B in R, I N in M^ and the curve of the section 
or that of the opposite byperbda in T. Tben^ by ar«- 
dde 489 

AQxQB : FQxQS :: BRxRA: GRxRT, 
and as FK^GK^ (34. i.) QHsRH, and therafbre 
the rectangles A Q B^ BRA are equal, and (14. v.) 
F Q S = G R T. Hence (con i. vi.) Q S = RT, and FS « 
G T, and the rectangles F L S, G M T are equal. But, 
by article 48, 

FLxLSiILxLN :: GMxMT:NMxMI, 
and therefore (14. v.) ILxLN=xNMxMI, and by- 
article 60, 1 L=:NM ; and aa F K^ G K are equal, we 
have L PssM P, and I N is bisected in P« 

Let F S be now considered as any secant parallel to 
V O, and meetii^ D E in X, and let the secants F G, 
S T, drawn throng F, S and parallel to D £ meet VO 
in K, W. Then> as above, F G is bisected in K and 
STinW. By article 48, 

VWxWO:SW* :: OKxKV:FR% 
and as SW=FK, VWxWO»OKxKV, and by 
»ticle 60, O W=V K,.and therefore C W«C K, afid 
consequently (34. i^ F S is bisected in X. 
Fig- s$, a6. Case 5. Let the stcEught line A B touch the ell^>se 
or hyperbola in H, and F G being a secant paralld to 
it, let H L bisect F G in K, and let the sacant H L be 
bbectedmCbyDEparaUeltoABorFG; theneach 
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of the lin^ H L^ D £ will bisect any secant parallel to BOOK 
the other. "' 

For let N O be a secant parallel to AB, FG, and 
meet HL in I^^ and through F and G let A I and BM 
be drawn parallel to H L, and let the first of these meet 
the tangent in A^ D£ in S^ N in Q, and the curve of 
the section or opposite hyperbola in I. Let the other 
meet the tangent in B^ N in R and the curve of the 
seotioa or opposite hyperbola in M. Then, by ar* 
tide 48^ ^ 

HA» : lAxAF : : HB* : MBxBG, 
and as FK=sKG> (34. i.) HA=HB^ and theiefoi^ 
(24. V.) the rectangles I A F^ M B G^ are equals and 
<cor, I. vi.) F I=:G M- The rectangles FQ I, G R M 
are therefore equal; and as by article 48^ 

FgxQI:NQxQO :: GRxRM-.ORxRN, 
the rectangles NQO^ ORN (l4« t.) are equals and 
by article 60^ N Q=0 R, and N O is bisected in P. 

Let F I be now considered as any secant parallel to 
H h, and meeting D £ in S^ and let the secants F G^ 
I M^ <lrBwn through F^ I and parallel to D £^ meet 
HL in C^ T. Then^ as above^ F G is bisected in K and 
IMinT« By article 48, 

FK»:HKxKL :: IT*:LTxTH, 
and therefore (14. v^ the rectangles H K L^ LT H are 
equal, and, by artide 66, HK=LT, andKCasCT, 
and therefore {34. L) FI is bisected in S. 

6a. If two parallel straight lines both cut, or one of 
them toach and the other cut, an ellipse, hyperbcda, 
or opposiis hyperbolas, a strai^t line bisecting the 
j^acaUdL secants, or passing through the point of con- 
tact and bisecting the secant, vnH cut the curve of the 
section or oppoute hyperbola in that point m which a 
straight line paraUel to the two first mentioned touches 
the section or opposite hy^rbola. 
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BOOK For, by the second case of the last article VO bi-r 
^^* sects any secant parallel to A B, F G, and therefore 



Fig. 23, 24. straight lines drawn through V and O in Figs. 23, 24, 
parallel to A B, F G must touch the ellipse or oppo- 
site hyperbolas. By the third case HL in Figs. 25, 
26, bisects any secant parallel to A B, F G ; and there- 
fore a straight line parallel to them and passing through 
L must touch the ellipse or opposite hyperbola. 
Lastly, in the ellipse, and in the first case of the last 
article, as D E, in Fig. 21, bisects any secant parallel 
to H K, it IS evident that straight lines parallel to H K 
and passing through D, E must touch the ellipse. 

PROP. IL 63. Every thing being as stated in article 61, the 

point of bisection C is the center of the ellipse or 

opposite hyperbola 5 and no other point can be the 

center. 
Fiff. 21, 22. For from any point L in the curve, let the secant 

L I be drawn parallel to H K, and let it meet D £ in 
M 5 and from I let the secant I N be drawn parallel to 
X> E, and let it meet H K in P. Then, by article 61, 
L I is bisected in M, and I N in P, and therefore, 
N P : P C : : N I : I L. Consequently, as P C, I L 
are parallel, if L C be drawn and produced, it will 
pass through N, and by similar triangles, N P : N C : : 
N I : N L, and N L is bisected in C } and therefore, 
according to article 53, C is the center. 

Nor can any other point be the center. This is evi- 
dent in the ellipse; for a secant passing through C 
cannot be bisected in any other point. In the hyper- 
Fig. 24. bola let the point X in D E be supposed to be a center, 
and let every thing be in the figure as stated for Case 2, 
article 61, and then FS is bisected in X. Let the se- 
cant Y I pass through X, and let it meet F G in Z and 
T S in i. Then as F Z, S fr are parallel, and as X F, 
X S are equal, X Z is equal (29. 25. i.) to X b. Con- 
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sequently X Y is less than X h^ and therefore much BOOK 
less than XI, and the secant Y I is not bisected in X, ^ ^ 
The point X therefore cannot be the center ; and it is 
evident that no point out of D £ can be the center. 

64. If in an ellipse or hyperbola one secant (A B) be Rg . 23, m- 
a double ordinate to a diameter^ (VO,) any other secant 

(I N) parallel to it will be a double ordinate to the 
same diameter, and tangents passing through the ver- 
tices of the diameter are parallel to the ordinates. 

For, by article 61, if VO bisect A B in H, and IN 
in P, it will bisect any other secant parallel to them 5 
aiid, by article 63, it will pass through C the center. 
Oonsequoitly, as the diameter V O passes through H, 
the point in which A B is bisected, it must pass throi^h 
P, the point in which I N is bisected. It is also evi- 
dent, by article 62, that tangents passing through V, 
O must be parallel to A B, an ordinate to VO. 

65. In an ellipse and hyperbola, or opposite hyper- 
bolas, two secants, not passing through the center;, 
cannot bisect one another. 

For if two secants, not passing through the center, 
could bisect one another, by the last article, a straight 
line drawn parallel to each through the vertex of that 
diameter which passes through the point of bisecuon, 
would touch the section ; and this, by article 32^ is im- 
possible. 

66. Two diameters of an ellipse or opposite hyper- PROF. III. 
bolas, are conjugate diameters, if one of them be pa- 
rallel to the ordinates of the other, or to tangents pass- 
ing through its vertices; and ordinates to a dianieter, 
tangents passing through its vertices, and its coDjugate 
tUameter are parallel to one another. 

The first part of this is evident from articles 6r, 6z, 
6^^ and 58 ; and the second part is evident from the 
iirst'part and articles 64, 65. 

67. If C be the denter of the opposite hyperbolas ^ *7' 
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BOOK FA, FB, and AB a transverse diameter, lo which 
D E is the conjugate, and H F an ordinate, and if the 
rectangle under A H, H B be to the square of H F as 
the square of CB to the square of C E or C D, the 
points D, E are called Ike Vertices of the second Dia- 
meter D E. In this way the magnitude of any second 
diameter is determined by its vertices. 
PROP, IV, 68. If each of two straight lines, meeting one an- 
other, touch or cut, or one of them touch, and the other 
cut, an ellipse, hyperbola, or opposite hyperbolas; the 
square of the first of the two, if a tangent, or the rec- 
tangle under its segments, if a secant, will be to the 
square of the second, if a tangent, or the rectangle un- 
der its segments, if a secant, as the square of the semi- 
diameter parallel to the lirst to the square of the gemi- 
diameter parallel to the second. 

In the ellipse, and when the two straight lines are 
parallel to two transverse diameters of opposite hyper- 
bolas, the Proposition is evident from article 48. For 
diameters in the ellipse, and transverse diameters of op- 
posite hyperbolas, are secants meeting one another in 
the center, in which they are bisected. 

In the hyperbola the property may be extended to 
second diameters in the following manner. 

Tig. ij. Let PA, F B be two opposite hyperbolas, of which 
C is the center, and let the two secants G F, M cut 
one another in I. Lei G F be bisected in H and M O 
in N, and through these points let the diameters 
A B H, R S N be drawn, and let the secants I L Q, 
I K P be drawn parallel to them. Then C E being l»lf 
the conjugate diameter to AB, and CT half that to 
R S, by articles 48 and 67, we have the following pro- 
portions, 

GIxIF:QIxIL::HF':AHxHB:':CE':CB% 

QIxIL: PIXIK::CB':CS% 

PIxl£:MIxIO:: RNxNSiNO':: CS*:CT*. 
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Henoe^ placing for ex eequaH^ BOOK 

GIxIF:QIxIL:PIxIK:MIxlO "• 

CE» : CB* ; CS* : CT, 

and therefore {22. y.) 

GIxIFtMIxIOrrCE'iCT. 
From these proportions and articles 48^ 6y, the truth 
of the assertions in this, in eirery case, is evident. 

69. If two straight lines be ordinates to any diame* 
ter of an ellipse, or transverse diameter of an hyper- 
bola, by the last, and article 66 y (and 11. v.) the square 
of the first will be to the square of the second, as the 
rectangle under the abscisses corresponding to the first 
to the rectangle under the abscisses corresponding to 
the second. 

70. From article 68 (and aa. vi.) it is evident^ that 
if two straight lines meeting one another touch an el- 
lipse, hyperbola, or opposite hyperbolas, they will be 
to one another as the semidiameters to which they are 
parallel. 

71. From article 68, it is evident, that if two conju- 
gate diameters of an ellipse cut one another at right 
angles, they cannot be equal to one another; for if 
they were equal to one another, the section would be 
a circle, as the square of the ordinate would be equal 
to the rectangle under the corresponding abscisses. 

72. A straight line which is a third proportional to 
two conjugate diameters of an ellipse, or opposite hy- 
perbolas, is called the Parameter^ or Latus Rectum, of 
that diameter which is the first of the three propor- 
tionals. 

73. If a straight line (GF) be an ordinate to any PROP.V. 
diameter (A B) of an ellipse, or any transverse diame-^^' *^» *^* 
ter of an hyperbola, the rectangle (AFB) under the 
abscisses of the diameter will be to the square of the 
ordinate (G F*) as the diameter to its parameter. 
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BOOK Let C be the center of the ellipse or hyperbola, and 
^' let D E be the diameter parallel to G F, and conse- 
quently, by article 66, the conjugate diameter to AB, 
and let B H be the parameter of A B. Then we have 
the following proportions. 
By article 72, AB : D E : : D E : B H. 
(Cor. 2. 20. vi.) AB* : DE* : : AB : B H. 
(15. V.) AB*:DE* :: CB*: CD% and 

therefore (11. v.) C B* : C D* : : A B : B H, and 
by article 68, C B* : C D* : : AF x FB : GFS 
consequently (II. v.)AFxFB :GF*:: AB:BH. 

74. The rest remaining as in the last article, let the 
parameter BH be at right angles to the diameter AB, 
and from the other vertex A, draw A H. From the 
point F draw F K perpendicular to A B, and let it meet 
A H, or A H produced, in K. Complete the rectangle 
K B, and it will be equal to the square of the ordinate 
F G. For, as B H, F K are at right angles to A B, 
they are parallel; and therefore, by the last article, 
(and 4. vi,) 

AF:FK:: AB:BH::AFxFB:GF\ 
But(i.vi.)AF:FK:: AFxFB: FKxFB. 

Hence (ii, and 14. v.) FKxFB=GF\ 

75. Complete the rectangle LABH, and let LH 
meet F K in M, and let K N, the side of the rectangle 
K B, opposite to B F, meet B H in N ; then in the el- 
lipse the square of the ordinate F G is less than the rec- 
tangle under the absciss F B and the parameter B H, 
by the rectangle M N, similar to L B, and having one 
of its sides equal to B F ; but in the hyperbola, the 
square of the ordinate F G, is greater than the rec- 
tangle under the absciss B F and the parameter B H, 
by the rectangle M N similar to L B, and having one 
of its sides equal to B F. This is evident from the last 
article. 
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76. Scholium, On account of the deficiency of the BOOK 



n. 



square of F G from the rectangle under F B, B H in 
Fig. a8, Apollonius * called the section an ellipse ; and Fig- a^, 29. 
on account of the excess of the square of F G above 
the rectangle under FB, BH in Fig. 29, he called the 
section an hyperbola. 

' From the properties demonstrated in the last two ar- 
ticles, these sections are frequently denoted by Algebrai- 
cal equations, in the following manner. Put the diame- 
ter AB (in Fig. a8. and 29.) =a, its parameter B H=p, 
the absciss FB=x, and the ordinate F G=y. .Then 
A F = a + a:, the negative sign applying to the ellipse, and 
the positive sign to the hyperbola. And by the similar 

triangles AB H^ A F K, a : p : : aq:x : f!^±i^=F K. 

Consequently, by article 74^ 

ap'X-px ^px^ p 

a ^ a ^ a ^ 

77. If a straight line (BD) touching the section (in PROP. VI. 
E) meet any diameter (A I) of an ellipse (A EI) or ^^f. 30, 31* 
transverse diameter (A I) of an hyperbola (E I G), and 
from the point of contact an ordinate (E F) be drawn 
to the diameter (A I), the abscisses (A F, F I) will be 
to one another as the distances (A M, I M) of the 
point of concourse (M) from the vertices of the di- 
'ameter. 

Let C be the center, and A B, I D the parallel tan- 
gents passing through the vertices A, I, and let them 
meet B D in B and D. 

We have then the following proportions : 
Article 48, E B 2 E D : : A B : I D, 

* Apollonius was born at Perga, in PamphyHa, about 240 years before 
Christ His Treatise on Conic Sections^ consisting of eight books. Is the 
most early work on the subject which has come down to the present time ; 
and the most complete edition of it was published at Oxford, in the 
year 1710, by J)r. Halley. 

D 
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BOOK but (ID. ^.) EB:ED:: AF:FI, 
and (4. vi.) AB : I D :: AM: I M. 



Hence (II. V.) AM: IM:: AF : FI. 

™JP' 78. If a straight line (E M) touching an eUl^pse or 

Fig. 30, 31, hyperbola (in the pcmit £) meet a diasieter (ibM)) and 

^'* from the point of contact there be drawn an ordinate 

(E F) to l!he diameter (A 1), the aemidtiamfiter (G I) 

will be a mean proportional betweeii the segn^e^Ca 

(C F^ G M) of the diameter between the oei^er and 

ordinate, and between the center and tangent. 

^^S'SOfSi. First let every thing be as in the kst artide^ and 

then we bave the blowing proportiims : 

(18.V.) AM + IM:IM :: AF+FI :FI. 
B^ halving the antecedents, 
in the ellipse G M : I M : : G I : F I, 
in the hyperbola G I : I M : : G F : F I. 
Gonsequentjy, by conversion, 
intheellipse GM:GI ::GI:GF, 
in the hyperbola C I : GM : : G F ': G I, and by 
inversion, GM:GI::GI:GF. 

Tig. 32. Secondly, let A I be a second diameter of the oppo- 
site hyperoolas 6K, EL, and EF an ordipate to it; 
and let the tangent E M meet it in M, and the trans- 
verse diameter K L pardlel to £ F in N, and let E P be 
an ordinate to K L. Then, 
by the above, GP :GL ::CL:GN, 
(Gor. a. zo. vi.) GP» : CU : : G P : GN, 
(4.vi.) EForCP:GN::MF:GM, 

(II. V.) GP*:GL*::MFiGM, 

(17. V. and 6. ii.) 

KPxPL:GL»::GF:GM::GF*:GFkGM, 
(16. V.) KPxPL : GF* or EP* :: GL» : GFxCM. 
By article 67, K Px PL : E P* : : GL* : G 1% and 
therefore (11. and 9. V.) GFxGM=GP. 
Consequently G M : G I : : G I : G F. 
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79. Frdm the above, (and ij. vi.) C M x C F«=G 1% book 
and therefore in the ellipse C M*-C I»a=C M'-C M_J1L-. 
xCF«:(6. ii.) AMxMI=t:(a,ii.)CMxMF. Rjr.30,31. 

But when A I is a transversa dianoeter in the hyper- 
bola, CM xC F-C M'=CP-CM^=(5. ii.) CM x 
MF=(5.ii.)AMxMI. 

Again, in the ellipse, C M x C F-C F»«C P-C F* 
s=:(3.ii.) CFxFM=s(5.Ji.) AFxFI. But A I be- 
ing a transverse diameter of the hyperbola, C F*— C M 
xCF=CF*-CP=:(«.ii.)CFxFM«(6.ii.) AFx 
FI. 

80. If two straight lines (it M, G M) touehing an el- PROP, 
lipse, hyperbola, or opposite tiyJ)erbolas, meet one psg. 30/31, 
another (in M), .the diami^ter (A I) bisecting the line 3a« 
(£ G) joining the points of contact will pass through 

(M) the point of concourse. 

For let C be the center, and let A, I be thse Verdce» 
of the diametisr; and then, as EG is biisected by the 
diametbr A I, £ F is an ordinate to it, aild therefore^ 
by article 78, C P : C I : : Cl : tfM> segment of the 
diameter intercepted betwisiein C and t^e tai^nt £ M. 
For the same reasons C F : C I : : CI: the segment 
of the diameter initereepted between C and tSie tangent 
G M. Consequently the segment of the diameter be- 
tween C and the tangent £ M, is ecjUal to the segment 
of the diameter between C and tb^ tfthgeni G M. The^^^ 
diameter must therefore pass through M; for if it cUd' 
ndt, it wovdd, upon being prodticed, first meet the onei 
tali^ent^ and then the othei*, and its segments betNveen^ 
C and the tangents would M unequal. 

81. From the last it is evident that if two stra%ht 
lines touching an ellipse, hyperbola, ot opposite hy- 
perbolas, meet one another, a straight line passing 
throu^ the point of concourse, and bisecting tlie line 
joining the points of contact, will b^ ^ diaibeter. 

D % 
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BOOK 82. If two parallel strsught lines (AB^ ID) touch- 
^^' ing an ellipse or opposite hyperbolas, meet a third tan- 



PROP. IX. gent (BD), the rectangle (AB x I D) under their seg- 
'* 3/.' ^^' ments, between the points of contact and the points of 
concourse, will be equal to the square of the semi- 
diameter to which they are parallel, and the rectangle 
(B £ D) under the segments of the third tangent, be- 
tween its point of contact (£) and the parallel tan- 
gents, will be equal to the square of the semidiameter 
to which it is parallel* 

For let C be the center, and draw E G parallel to 
A B, I D ; and draw also A I* Then by articles 63, 61, 
A I is a diameter^ and, by article 66 , EG is either an 
ordinate to A I, or in the ellipse the conjugate dia- 
meter to it. . 
Kg. 33. ' First, let E G be the conjugate diameter to A I, and 
then, by article 66, B D, A I are parallel to one an- 
other, and also A B, CE, ID to one another. Con- 
sequently (34. i.) A B, C E, I D are equal to one aiv- 
other, as are also A C, C I, BE, E D to one another ; 
and therefore AB xID is equal to CE% and BE x E£> 
is equal to A C*. 

Fig- 34* 35- Next, let E G be an ordinate to the diameter A I, 
and let it meet it in F. Let C K be the semidiameter 
parallel to the tangents A B, ID, and C P the semi* 
diameter parallel to the tangent E B 3 and let EB meet 
the diameter A I in M, and the diameter K C L in H. 
Let E O be an ordinate to K C L, and let it meet it in 
O. Then, by article 66, A B, L H, G E, I D are pa- 
rallel, and E O is parallel to A I* Then, we have, by- 
article 70, 

BE:AB :: CP:CK, 
and E D : I D : : C P : C K, and, 
article44, BExED : ABxID :: CP*: CK^ 
But, by article 78^ (and i6. vi.) 
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CK*=CHxCO=CHxEF, book 

If 

and by article 79, and (16. and 4. vi.) ' 

AM:CM::MF:MI:: AB:CH::EForCO:ID. 
Consequently, AB x I D=C H xC = C K% 
and (14. V.) •BExED = CP*. 

83. Every thing being as in the last article, 

MExEH=BExED=CP*. 
For, by article 79, (and 16. and 10. vi.) 
AF:FM::CF:FI : : BE 2 EM : : EH : ED, 
and therefore (16. vi.) MExEH=BExED = CP^ 

84. If a straight line as B E, touching an ellipse or 
hyperbola in the point E, meet the diameter A I in M, 
and the diameter K L in H, and if the rectangle under 
M £, E H be equal to the square of the semidiameter 
parallel to B E, the diameters A I, K L will be conju* 
gate to one another. 

85. To find the axes of a given ellipse or hyperbola, PROP. X. 
(D B E) the center (C) being also given ; and to de- ^' ^^' ^^' 
mbnstrate that the same section can have only two 

axes. 

Part I. In the ellipse draw C G, C F two semidiaroe- Fig. 36. 
ters, and, if they be unequal, let CG be greater than CF, 
With C as a center, and a distance less than C G but 
greater than C F, describe the circle H D E. Then 
from this construction and the nature of the two 
curves it is evident, that the circumference of the 
circle will cut the curve of the ellipse in four points, 
two of them being towards the left of the center, 
as the figure is viewed, and two of them towards 
the right. Let the circumference of the circle cut 
the curve of the ellipse in the points D, E. Draw 
the straight line D E ; and through C draw A B bisect- 
ing D E in I, and (3. iii.) A B will be at right angles to 
D E. Through C draw L M parallel to D E, and AB, 

i>3 
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BOOi;: L M will be the axes of ihe ellipse, as is evident by ar- 
^^' tides 66 and (3, iii.) 59, 



[f the semldiameters C G, C F be equal, then a dia- 
meter bisecting the angle G C F will be one of the 
axes, and a diameter at right angles to it will be the 
other. 

Fig. 37- Next, let the section DBE be an hyperbola, of 
which C is the center, and let K be any point within 
the hyperbola. With C as a center, and C K as a dis- 
tance, describe the circle £KD, and let its circum- 
ference cut the curve of the hyperbola in the points 
£, D. Draw DE and bisect it in I, and through I 
draw the diameter A B ; and parallel to D £ draw the 
diameter L M. The diameters AB, L M are the axes 
of the hyperbola. For D £ is a double c»rdinate to the. 
diameter AB, and (3. iii.) AB cuts it at right angka^ 
and L M is parallel to the ordinate D £. 

Fig. 38' Part II. To demonstrate that an ellipse or hyper- 
bola can have only two axes. First, let the section 
B D A be an ellipse, and C being the center, let R L, 
F G be the axes, found as above ; and, if it be possible^ 
let the diameter A B be also an axis. Let L D be a 
double ordinate to AB, meeting it in £, and the curve 
again in D.; and the diameter D K being drawji, let 
D H be an ordinate to R L. Then, as by hypothesis 
A B is an axis, C £ L, C £ D are right angles, and as 
L D is bisected in £, (4. i.) C L is equal to C D, 
Again, as by the above R L, F G are conjugate, D H 
is parallel to F G, by article 66, and by article 68» 
CL* : CF* : : RHxHL : DH^ But, by article 71, 
C L, C F must be unequal, and therefore, supposing 
C L to be the greatest, C U is greater than C F^, and 
R H X H L greater than D H^. To these unequalt add 
C H^ and then (5. ii. and 47. i.) C L' is greater tkaa 
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C!D^j and coDsequemly C L is greater than C D« BOOR 
Bat C D is also equal to G L : which is absi»d. Th^ "' 
^Bieter A B ther^ore cannot be an axis. 

Next^ kt the section £BD be an hyperbola^ of Fig. 59. 
wMch C is the center, FA the opf>o6ite hyperbola^ and 
* A B^ L M the iantes foli^ as above ; aiid;^ if it be {>ossi- 
bie^ 1^ the transverse cBameter D F be an axis. Let 
I>T toueh the hyperbola in D, and meet the axis A B 
k»T; afidktDll: be an ordinate to AB, and let it 
meet it in I. Then in the triangle C I D, C I D is a 
right angle, by artiele 59 } aind therefore C D I is less 
than a right angle^ and consequently C D T is much 
legs than a right angle. Bi2it^ by artide 66^ the tan- 
gent T D is paifallel to the ordinat^s of the axis F D ; 
and iberefotey by artieie j^ (Md 29. ii.) the angle 
TDCi»aright one. And, by the above, itt is also 
less than a r^ht one ^ wbieh is absurd. Consequently 
D F is not an axk. Nov can a second diameter ad 
G H, besides L M^ be aii axis. For J 1> conjugate tb 
G H being drawn^ and t> T a tknjgerit^ the demonstra- 
tion would end in tSie sasbeP abbuikilty. 

It is evident, thd.t the axes of an ellipse, or hyper- 
bob areconyugate <£amfeiei^. 

Si5. Of all the diameti&rs^ of an elli^e thie greater axis PROP. xi. 
isi tile greatefst and the lesser atis i\s the lea^ \ and* of 
o]^pOBite hyperbolas t^e axes' ax^ the leajst disemet^rd of 
the same kind. 

Pan I. Let A B E> be M dBpsie, of which C is the Rg. 38. 
center, R L the greater axis, and F G> the lesser axis ; 
of all the diameters R L is the greatest and F G the 
)e«Bt. 

- For let K D be any otiher^ diameter, mA let D H be^ 
an ordinate to R L, and D M ah ordinate to F G. Thertj* 
by artide 66, DH is parallel to F G, and D M t^ ALj 
and therefore, by irtide <d, GL* : CF» :: %,"&% 

D4 
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BOOK HL : DH% and as CL is greater than CF, CL^ is 
greater than C F*, and R H x H L is greater than D H*« 



To these add CH^ and (5. ii. and 47. i.) then CL* is 
greater than C D^, Consequently C L is greater than 
CD, and therefore RL is greater than KD. Again> 
by article 68, CL^:CF* :: DM*:GMxMF, and 
therefore, as above, D M* is greater than GM xM F. 
To these add the square of C M, and then (5. ii. and 
47. i.) C D* is greater than C F*. Consequently K D 
is greater than F G. 
Fig.39« Part II. Let AB, LM be the axes of the opposite 
hyperbolas E B D, A F, and F D, G H any other con- 
jugate diameters; then AB is less than the transverse 
diameter F D, and L M is less than G H. 

For let D E be an ordinate to the axis AB, and let 
it meet it in I, and let D T touch the hyperbola in E>, 
and let it meet AB in T. Let B P touch the hyper- 
bola in the vertex B, and let it meet the tangent D T in 
P, and let C be the center. Then, 
by article 78, C I : CB : : CB : CT, 
by conversion, C I : B I : : C B : B T, 
and therefore (14. v.) B I is greater than BT, and (2. 
vi. and 14. v.) D P greater than P T. Hence as P B T 
is a right angle, and therefore (19. i.) P T greater than 
B P, D P is greater than B P. Consequently it is evi- 
dent that G H is greater than L M ; for, by article 70, 

D P : B P : : C H : C M. 
87. In the ellipse, the greater axis is called the Trans- 
verse AxiSf and frequently the Major Axis^ or Focal 
Axis; and the other is called the Conjugate Axis, or 
Minor Axis : and in the hyperbola, the axis, which is a 
transverse diameter, is called the Transverse, or Focal 
Axis ; and the other is called the Conjugate Axis. 
Fig. 40,41. 88. If C be the center, A B the transverse axis, and 
D £ the conjugate axis of the ellipse A D B, or of the 
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opposite hyperbolas A I, B P, then if in A B two BOOR 
points F, O be so taken that the rectangle under A F, ' 
F B, and also the rectangle under A O, OB, be equal 
to the square of C D or C E, the semiconjugate axis ; 
the points F, O are called the Foci, or Umbilici, of the 
ellipse^ hyperbola, or opposite hyperbolas. 

Hereafter, unless it is otherwise specified, C de- 
notes the center of an ellipse or hyperbola, AB the 
transverse, and D £ the conjugate axis, and F, O the 
foci. 

89. As (axiom i. I.) AFxFB is equal to AOxOB, 
the foci F, O are equally distant from the vertices 
A, B by article 60. It is also evident, that the foci are 
equally distant from the center. 

90. In the ellipse the distance of each of the foci %• 4p» 
from either extremity of the conjugate axis is equal to 

the semitransverse axis. For, supposing a straight 
line to be drawn from D to O, the square of D O (47. 
i.) will be equal to the squares of C O, C D together ; 
and therefore, by article 88, (and 5. ii.) the square of 
D O is equal to the square of A C. Consequently 
D O is equal to A C 5 and therefore if with £) or E as 
a center, and A C or C B as a distance, a circle be 
described, the circumference will cut A B in O and F, 
the foci. 

91. In the hyperbola the distance of each of the foci ^§r- 4i- 
from the center is equal to the distance between the 
vertices of the transverse and conjugate axes. For, 
supposing a straight line to be drawn frotn D to A, the 
square of DA (47. i.) will be equal to the squares of 

C A, C D together ; and therefore, by article 88, (and 
6. ii.) the square of D A is equal to the square of C O 
or C F. Consequently C O or C F is equal to D A ; 
and therefore the foci F, O may be easily found from 
the axes. 
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AOOK: 92. The double ordinate T S to the axU AB, drawn 
_ "' through either focus, suppose F, is equal to the para-* 



Fig. 40, 41. meter of the axis A B. For^ 

by article 68, C B» : C D* : : A Fx PB or CD*:TF*,' 
and (az. vi.) C B : C D : : C D : T P. 
Hence(i5. vi.)A B : D E : : D E : T S, and ther^ve^ 
by article 7a, T S is equal to the parameter of A B. 

93. If through the foci f, O of an dlipse AD 1^ ef 
of the opposite hyperbolas A I, B P, otdinate^ F T, O I 
to the axis A B be drawn, and if through the p(^ta 
T> I in which they meet the curve straight lines H T, 
I L be drawn to touch the section, or opposite hy- 
perbolas, the tangents HT, I L are called Real Ton- 
gents* 
FVOP.XIL 94. If a tangent (A H) passing through a vertex (A) 
^'•^'^'' of the transverse axis of an ellipse or hyperbola (A I), 
meet a focal tangent (H G), its segment (A H) bci- 
tween the point of contact (A) and point of concourse 
(H) will be equal to (A F) the segment of the axis be- 
tween the point of contact and the focus (F) to which 
the focal tangent belongs. 

For let H G touch jthe section in T, and T F, being 
drawn, will be an ordinate to A B, by art. 93* Let 
B G touch the section in B and meet H G in G, and 
then, by art. 65, A H, D E, T F, B G are parallel. 
Consequently, 

art. 48, AH:BG :: HT-.TG,. 
(icvi.) HT :TG:: A F : F B, 
(II. V.) AHiBG :: AF:FB. 

As, therefore, the rectangles AHxBG, AFxFB 
are similar, and, by articles 82, 88, equal to one an- 
other, A H is equal to A F, and B G to B F. 
. 95. If 1 be drawn an ordinate to A B, and on the 
, side.of AB opposite to that on which FT is> and if 
through I, the point in which it meets the curve^ there 
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be drawn the focal tangent KL, meeting the tangent BOO it 
H A in K, and the Ungent GB in L; then HL will be "' 
a parallelogram, and each of the opposite sides H K^ 
G L will be equal to the transverse axis A B. For, by 
the above, and art. 89, A K, A O, B F, B G are equal 
to one another, and also A H, A F, B L, BO to one 
another. Consequently H K, G L are equal and pa- 
rallel, and therefore (33* i.) H G, K L are equal and 
parallel. Hence H L is a parallelogram^ ; and as A H 
is equal to AF, and AK to BF, H K or GL is equal 
to AB. 

96. If from any point (P) in the curve of an ellipse PROP, 
or hyperbola (PTB) two straight lines (PF, PO) be Rg. 40, 41. 
drawn to the foci, their sum in the ellipse, but their 
difference in the hyperbola, will be equal to the trans- 
Terse axis. 

For, the rest remaining as in the two last articles, 
let P R be drawn an ordinate to A B, and let it meet 
the curve again in M, the focal tangent G H in N, and 
the focal tangent K L in Q, and then, 
by art. 48, TH* : TN* : : AH^ : MN>^NP, 
(10. vi.) TH*:TN*:: AF« : FRS 
(II. V.) AH* : MNxN P :: AF^ : FR*. 
Consequently, by art. 94, (and 14. v.) MNxNP=s 
PRS andMNxNP+PR»=FR* + PR*=(6. ii. and' 
47. i.) R N*=«F F, and R N=F P. For the same rea- 
sons OR^aePQx^M. To these equals add the 
square of R M, or its equal the square of R P, and then 
(6. ii. and 47. i.) the square of O M in the ellipse, and 
Ae square of OP in the hyperbola is equal to the 
square of RQ. But in the ellipse (4. i.) OM=OF, 
and therefore in ^each section O P = R Q. Conse- 
quently, 

in the ellipse, -RN+RQrsNQrrtHKsF P+OP, 
in the hyperbola, RQ'«RN=NQ=HK=OP-FP; 
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BOOK and therefore, by article 95, 

"' in the ellipse, F P + P=A B, 



in the hyperbola, O P-F P=:A B. 

97- If from any point in the curve of an ellipse, or 
hyperbola, two straight lines be drawn to the foci, in 
the ellipse the difference between the transverse axis 
and either of the two will be equal to the other; but 
in the hyperbola the sura of the transverse axis and the 
least of the two will be equal to the other* 

98. If the conjugate axis D £ be produced till it 
meet the opposite focal tangents iii V and W, each of 
X . the segments C V, C W will be equal to the semi* 

transverse axis. For, let the opposite focal tangents 
meet the transverse axis AB in X and Y, Then, as, by- 
art. 89, C F, C O are equal, it is evident, from art* 
78, that CY, CX are equal; and as XW, VY are 
parallel, the angles (29 i.) C X W, C Y V are equal. 
Consequently, as the angles at C are right angles, 
(a6i.)CV is equal to CW. 
PROP. 99- If from a point (H) without an ellipse or op- 
-Ti ^ly* posite hyperbolas two straight lines <H F, H O) be 
drawn to the foci, their sum in the ellipse will be 
greater, but their difference in the hyperbola will be 
less, than the transverse axis. But if from a point (G) 
within an ellipse or hyperbola two straight lines (G F, 
G O) be drawn to the foci, their sum in the ellipse will 
be less, but their difference in the hyperbola greater, 
than the transverse axis. 

Part I. Let H O cut the curve of the ellipse or hy- 
perbola in P, and let F P be drawn ; and then in the 
ellipse, 

{20. i.) F H + H P > F P, and therefore, 
FH + HP + PO or FH + HO>FP+PO or AB, 
by article 96. 

In the hyperbola let F H be greater than H O, and then 
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(oo.i.) FH<FP+PH that is, book 

byart.97, FH<AB + OP + PH, orFH<AB + HO,_Ji_ 
and therefore F H-HO < A B. 

Part II. Let F G meet the curve of the ellipse or 
hyperbola in P^ and let O P be drawn ; and then in the 
ellipse, 

(2o.i.)GO<0 P+PG, 
and therefore GO + GF<0 P + PG + GF. 
Hence GO + GF<0 P+P ForAB, byart.96. 

In the hyperbola, 
(ao. i.) O P + P G > G O, that is, 

by article 97, F P-A B + P G or F G-AB>GO. 
Hence F G > G O + A B, and therefore 

FG-GO>AB, 

100. From the last and article 96, it is evident, that 
two straight lines being drawn from any point to the foci 
of an ellipse or hyperbola, if in the ellipse their sum be 
greater, or in the hyperbola their difference be less, 
than the transverse axis, the point will be without the 
section. If in the ellipse their sum or in the hyperbola 
their difference be equal to the transverse axis, the 
point will be in the curve of the section. And lastly, 
if in the ellipse their sum be less, or in the hyperbola 
their difference be greater, than the transverse axis, the 
point will be within the section. 

loi. If O, F be the foci of the hyperbola B P, and Fir* 44. 
if -the side O G, of the triangle O G F, be equal to A B, 
and O G F be an obtuse angle, then the straight line 
O G produced will meet the curve of the hyperbola 
B P, in which the focus F is situated. For let O G be 
produced to K, and make the angle G F L equal to the 
angle F G K. Then, as by hypothesis O G F is an ob- 
tuse angle, K G F is an acute angle, and therefore, as 
the angle G FL is equal to it, the straight lines G K, 
FL, being produced, will meet. Let them meet in 
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BOO K p, and (6. i.) P F will be equal to P G. Consequently, 
' as the diiTerence of P O, P F is equal to O G, or A B^ 
the point P is in the curve of the hyperbola, by the lAst 
article. 

™^P-Xy. I02. If from any point (P) in the curve of an elSpie^ 
*or hyperbola, two straight lines be drawn to the fod, 
the straight line (H P) bisecting the angle (K P F) ad- 
jacent to that contidned by them will touch the ellipsa; 
but the str^ght line (H P) bisecting the angle (F P G) 
contained by them will touch the hyperbola* 

For the ellipse let P K be taken in O P produced, 
equal to P F, but for the hyperbola let P K be takea in 
P O, equal to P F, and then, by article 96, O K=AB. 
Let F K be drawn, and let P H, bisecting the angle 
F P K, meet it in H. Let G be any point in P H, or 
in PH produced, and let GK, GF, GO be duawn. 
Then (4. i.) FH=H K, and the angles FH P, K H P 
are equal, and therefore ^4. i.) FG=KG. C<Mise- 
quently as in the ellipse (ao. i*) KG-4-GO>OK, we 
have GF+GQ>AB; and as in the hyperbola (ao. i.) 
G K + K>G O, we have G O-GK or G O-G F< 
A B. In wther case therefore the point G, by article 
100, is without the curve, and consequendy P H touches 
It m P, 

103, From the last and article 3^, it is evident, that if a 
straight line touch an elKpse or hyperbola, and straight 
lines be drawn from the point of contact to the foci, in 
the ellipse the tangent will bisect the angle adjacent to 
that contained by these two straight lines drawn to the 
foci ; but in the hyperbola the tangent will bisect the 
angle contained by these two straight lines drawn to 

Fiy. 45- the foci* In the ellipse the angle O P G (15. i.) i* 
equal to the angle F P H. 

Bg.45,46. 104. If from the foci O, F of an ellipse, or hyper- 
bela, two ttr^ght lines, O K, F K be drawn to a third 
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point K, of which .0 K, one of them, ig equal to the BOOK 
tnasverse axis AB, and if the other F K be bisected ^^' 
in Hy by a straight line P H at right angles; the per* . 
pendicular P H will somewhere touch the section^ pro- 
vided> in the hyperbola, OKF be an obtuse angle. 
And, on ihc contrary, if P H touch the section and bi- 
i«ct F K ]|i H at tight angles, then O K will be equal 
to the traneverse axis. This is evident from articles 

105. The reat remaining as in the last article, let Fig. 47, 48. 
F N be at light angjles to the straight line L K touch** 
ing thie ellipse or hyperbola in L, and let F N be pro* 
diiOGd to M, so that N M tuay be equal to FN ; then 
a straight line, bisecting K M at right angles will pass 
through th» focm O. For, by the last article, O M is 
equal to the tr^^verse j|Ki«, and consequently equal to 
Q K. If therefore O Q be drawn, bisecting K M in Q, 
the Migl^ ($• iO O Q K, O Q M wiU be equal. Hence, 
ftom this converse, the article is evident. 

10$. The rest remaining as in article f 02, in K F let Fig. 49, 50. 
the points I^, N be so taKw that we may have the fol- 
lowiBg j»*oppftion8, 

KL:FL 2: AB:OF :: OKrOF :: KN:NF} 
and then the circumference of a circle described on 
LN as a di^Lqieter will pass through O. 

For in the ellipse let K O, but in the hyperbola let 
F b^ pr^uced te M, and let O L, O N be drawn. 
Tl^n in the ellipse, the an^es (3. \i.) K O F, F O M * 
aiebisept^ by OL, ON; but in the hyperbola, the 
angles K0$; KO M * ai# bisected by O L, ON^ aiKl 
thf^rd^re (j[g» i^) in 4aeh seetion LO N is a right angle, 
And il^f mn) th^ article is evident. 

• That tii<e angle F O M in tbe ellipse, and the angle KG M in the 
hyperbola, ii bisected by O N, is proved by Simson, and also by PlayfSiir, 
in their Flop.. A» in llie dxth Book «f their ediHon of Eaelid. 
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BOOK Sir Isaac Newton makes much use of the properties 
^^' expressed in the three last articles. See the Principia, 
sect. 4. book i. 
PROP. 107. If a straight line (P H) touching an ellipse or 
^ig^^^l'j 2 hyperbola meet a straight line (F H) drawn from either 
of the foci, and be at right angles to it, the straight 
line (C H) joining the center and the point of con- 
course will be equal to the semitransverse axis : or, if a 
straight line touch an ellipse or hyperbola, and straight 
lines (P F, P O) be drawn from the point of contact to 
the foci, a straight line (C H) drawn from the center to 
the tangent, and [parallel to (P O) either of the two 
drawn to the foci, will be equal to the semitransverse 
axis. 

Part I. Let F H meet P O in K, and then as each of 
the angles F H P, K H P is a right one, and as, by ar- 
ticle 103, the angles K P H, F P H are equal, F H 
(26. i.) is equal to H K, and P F to P K, and therefore, 
by article 96, O K is equal to A B. But as C O is 
equal to C F, and KH to H F, FC : F O : : FH : FK, 
and (a. vi.) O K, C H are parallel. Consequently, 
F O : F C : : O K or AB : C H, and therefore (15. v.) 
C H is equal to C A or C B. 

If P H meet O G in G and be a^ right angles to it^ 
it may be proved in the same way that the straight ! 
line C G is equal to C A or C B. 

Part II. Let F H be drawn and meet PO in K, and 
then (a. vi.) F C : C O : : F H : H K, and therefore 
(14. V.) F H is equal to H K. But, by article 103, the 
angles F PH, KPH are equal, and therefore (3. ^.) 
FH: HK :: PF: PK, and P F is equal to P K, and 
by article 96, O K is equal to A B. Consequently, it 
being (4. vi.) FO : FC : : O K : C H, C H is equal 
to C A or C B. 

If C G parallel to F P meet P H in G it may be 
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proved in the saipo^ way fhat C G is equal to C A. or BOOK 
CB, "' 



;io8. The rest re^maining as above, if the straight 
line L M drawn through C the penter, and parallel to 
the tangent G P, meet P F in M and P O in L, the seg- 
ments P M, P L are equal ; and each of them is equal 
to A C or C B. For (34. i.) P M is equal to C G and 
PL is equal to CH. ■■ ^ 

The demonstrations of the nth and i^th Proposi- 
tions of the first Book of the Principia depend, vo a very 
considerable degree, on this property. 

109. The rectangle contained under two straight PROP, 
lines {OGj FH), drawn from the foci of an ellipse ^rp-J^]? -. 
hyperbola to a tangent (G P H), and at right angles to 
it, is equal to the square of the semiconjugate axis. 
And the rectangle contained under two straight lines 
(CK, M P), ^rawn from the transverse axis of an el- 
lipsis or hyperbola to a tangent, and at right angles to 
ity \s equal to the square of the semiconjugate axis, if 
one of them be drawn from the center, and the other 
ipeet the tangent in the point of contact. 

Part I; Let H C be drawn, and let it meet G O in 
Q. TChen as F H, O G are at right angles to the 
tangent, they (28. i.) are parallel, and therefore (29. 
and 15. i.) the triangles H C F, Q CO are equiangu- 
lar; and as, by article 89, C F is equal to C O, O Q 
(a6. i.) is equal to F H and C Q to C H=C A = C B, 
by article 107. Consequently, if with C as a center, 
and C H or C Q as a distance, a circle be described, it 
.wi{l pass through A, B and also G, by article 107, and 
(Sivandcor. 36. Hi.) GOxHF=GOxOQ=AOx 
O B =;C D^ by article 88. 

Part II. Let PL be an, ordinate to the conjugate 

axis, and let P N be an ordinate to A B, and let the 

^cpnjugate axis meet the tangent in I. Then as, by ar- 

E 
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BOOK tide 66, PL U parallel to CN and PN to CL, P N 
_!!_»(34- !•) is equal to CL. As CK, MP are at -right 



angles to the tangent, they are (28. i.) parallel, and the 
angles PMN, KCN (ap. i.) are equal; and, by ar- 
ticle 59, each of the angles PNC, LCN is a right 
one. The triangles I C K^ M P N are therefore eqtu- 
angular^ and (4^ vi.) 

CK:CI :: PNorCLrPM. 
Hence, (16. vi.) CKx PM=C I xCLrsCIP, by ar- 
ticle 78, and (17. vi.). 
PROP. 1 10. If a straight line (G P H) touching an ellipse 
Fig. 55, 56. or hyperbola, be limited by tangent^ (A G, B H) passing 
through the vertices of the transverse axis, the circum- 
ference of a circle described about it as a diameter will 
pass through the foci; and the rectangle under the 
two straight lines (PO, PF) drawn from the point in 
which it touches the section to the foci will be eqtial 
to the square of (C L) the semidiameter parallel tQ it. 

Part I. By articles 59 and 66, each of the an^es 
GAB, HB A is a right one; and by articles 82, 88^ 
AGxBH=AFxBF. Consequently, (t6. vi.) BH : 
B F : : A F : A G ; and therefore, the straight lines 
HF, GF being drawn, the angles (6. vi.) .HFB, 
AG F are equal, as are also the angles B HF, AFO. 
The angles B F H, A F G together are therefore eqtial 
to a right angle, and consequently H F G is a right 
angle, and (31. iii.) this part is evident : for it may be 
proved in the same way, that str^ght lines drawn froii 
H and G to O will contdn a right angle. 

Part II. The rest being as above, let the straiglfl 
line F I be at right angles to G P H, and let it be pjpd* 
duced and meet PO in.K. Then, by article 103, die 
angles FPH, KPH are equal; and therefore {%6. i.) 
PK is equal to P F, and K I to FI; and hence it is 
evident (3. iii.) that th^ circumference of the circle^ 
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60 FH passes through K. Consequently (35. and BOOK 

cor.36.iii.)OP>cPK=OP>cPF=GPxPHa:CL^_iL-. 
by article 8i. 

1 1 1 . A straight line (F H) drawn from either of the PROP, 
foci of an ellipse or hyperbola^ perpendicular to (G P H) pig, 53/54, 
a tangent^ is to a straight line (F P) drawn from the same 

focus to the point of cohtact, as the semiconjugate 
axis to (C R) the semidiameter parallel to the tan- 
gent. 

For let O G be pcirpendicular to the tangent^ and let 
O P be drawn ; and then as, by article 103, the angles 
F PH, OPG are equal, the triangles FPH, OPG are 
equiangular ; aiid therefore we have the foUowing pro- 
portions : 

FH:FP::OG:OP, 
(16. V.) FH:OG::FP : O P, 

(aij.vi.) FHxOG^FPxOP :: FH» : FP^; and 
by atticles 109, lio, FH^ iPF :: CD* : CR^ 
(i^aJVl.) . FHvFP ::CD :CR. 

112. Every thing remaining as in article 1 1 1, 
FH:FP::0 6:0P::CK:CH=CA=CB, 

by art. 107, and therefore (ix. v.) 

CK2CB:tCD:CR. 

ii3« By the;last article (and i. vi.) 
• CtxPM : CBxPM :: CD* : CRxCD, 
ittd therefore, by article 109, 

(and 14. V.) CBxPMssCRxCD, and consequently 
{X6, vi.) C B : CD : : C R : PM. 

114. If a strmght line (I R) tdtich an ellipse or hy- prop. XX. 
peirbola (P B), and from the point of contact (P) two ^8^- S^ S8* 
stm^ht lines be drawn to aii axis, the one (P H or 
P G) an ordinate to it, the other (P K or P M) perpen- 
dicular to the tangent, the segment (C H or C G) of 
the axb betwem the center and ordinate, will be ^to 
the s^gmelA (K H or G M) of th^- same axis between 
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30 OK the perpendicular and orc^ate^ as the axis to its pa- 
' rameter. ' 



Let the tangent meet the transverse axis in R and 
the conjugate axis in I. Then^ by article 79^ 

C H X H R= A H X H B, and (cor. 8. and 17. vi.) 
KHxHR=PH%and(i.vi.) 
CH:KH::CHxHR:KHxHR. 
Hence,CH:KH::AHxHB:PH^ :: AB: the 
parameter of A B, by article 73. 
rig. 57. Again, in the ellipse, by article 79, 

C GxG I=:EGx GD, and (cor. 8. and 17. vi.> 
GMxG I=P G^ and (I. vi.) 
CG:GM :: CGxGI ;GMxGI. 
Hence, C G : G M : : EGx GD : P G* : : D E : the 
parameter of D E, by article 73. 
Fig. 58. Lastly, in the hyperbola, as, by article 65, PQ ia 
parallel to AB, and P H to D E, 
(a.vl) CG:GM::KP:PM :: KH:HC, 

and(i.vi.) CG:GM:: KHxRH : HCxRH. 
But, as above,' 

-KHxRH=PH%andHCxRH=AHxHB. ^ 
Hence, (11. v.) . 

CG:GM : : PH«: AHxHB : : DE*: AB^ by 

article 67 (and 15. v.) But, by article 7a, (and con 2. 

ao. vi.) D E* : A B* : : D E : the parameter of D E, and 

therefore (11. v.) C G : G M : : D E : the parameter af 

DE. 

PROP. ii5« If a straight line (I R) touch an dlipse Or hy-*. 

XXI. perbola, and a straight line (P M) be drawn from the 

point of contact at right angles to it, and meet th^ 

axes (in K, M), the rectangle under the segments 

(P M, P K) of the perpendicular, between the point of 

contact and the axes, will be equal to the square of the 

semidiameter (C L) parallel to the tangent. 

For let the tangent meet the transverse axis in £ and 
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PROP. 
XXII. 

Rg. 59- 



the conjugate in I^ and then the triangles IPM, ICR, book 
P K R beifig equiangular, '^' 

PM : P I : : P R : P K, and (i6. vi.) 
PMxPK=PIxPR=:CLSbyarticle83. 
ii6. By the last, and article no, - 
PMxPK*PFxPO. 

117. If a circle (A MB L) be described about the 
transverse axis of an ellipse as a diameter, and an ordi- 
nate (H I) to this axis be produced to the circumfe- 
rence (at K), the straight line (K I) thus produced will 
lae to the ordinate as the transverse axis to the conju- 
gate. For, by article 68, 

AIxIB : HP :: AC» : Cm 
But, (35. iii.) A I X I BrsR I^ aiid therefore 

KP:HP :: AC»:CD^ 
and, (aa. vi.) K I : H I ::: AC : CD :: AB : DE. 

118. If from a point (F)' in the i:ohjugate axis of an 
ellipse (ADB E) a straight line (F G)) equal to the dif- 
ference of the semiaxes, be drawn to a point (G) in the 
transverse axis, and be produced beyond the transverse 
axis, so that the part (G H) produced be equal to the 
semiconjugate axis, the extremity of the part produced 
will be in the curve of the section. Or, ilF from a point 

(F) in the conjugate axis of an ellipse a straight line l^g* 60. 
(F G), equal to the sum of the semiaxes, be drawn to a 
point (G) in the transverse axis, and if this line be so 
cut that the segment (GH) between the transverse axis 
and the point of section be equal to the semiconjugate 
axis, the point of section will be in the curve. 

For through the center C draw the straight line C K Fig. 59, 60. 
parallel to F H. Through H draw the straight line 
H K parallel to D E, and let it meet C K in K, and A B 
in I. Then (34. i.) the straight line C K is equal to 
F H. But as F G is equal to the difference or sum of 
C B, CD, and as G H is equal to C D, the strsught line 

E3 
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BOOK FHis oqual to CB; and consequently C XL is equal to 
C B. With C, therefore, as a center, and C B a^ a dis- 
tance, let a circle be described, and it will pass through 
K. Again, on account of the similar triangle? C K I, 
GHI, CK» 2 GH* :: KP : HP; and therioiFore, on 
account of the equals, CB* : CD* :: KP : HP. 
But (3. iuid 35. iii.) the sq^re of K I is equal to the 
rectangle und^ AI, IB; and therefore CB* : CD* : : 
A I X I B : HP. The point H is tbeir^fore in the 
Isurve, by article 68. 

1.I9. Scholmn^ The instrument called by sonie the 
trammels, and by others the eUiptic compasses, used by 
cabinet-milkers, &c. for 4c^cri^|]:^ the curves of el- 
lipses, are constructed on the property demonstrated in 
this Proposition* As the tranuniejs are in general use, 
it Is needless to ^ve a description of them in this place. 
Lathes for making picturerfn^nes^ and ornaments of an 
elliptical form> are copstniptcd on the sstqae property^ 
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BOOK III- 

Of the Parabolay the Directrices of the Sisctioiis, the 
Asymptotes of the Hyperhla, Conjugate Hyperbolas, 
HyperloHc Sectors and Trapezia, Also of the Areas 
of the Sections, and of Circles having the same Curva-- 
ture with them in giveri Points, 

im.XhE section FD C being a parabola, and VB E BOO K 
its vertica] plane, as in articles 20 and 21, any straight 



line, as D I, in the parabola parallel to VB, the side in Fi§r- ^^• 
which VBE touches the cone, is called a Diameter of 
the parabola. 

lai. From the last at tide (and 9. xi.) the diameters 
of a palrabola are parallel to one another; and, by ar^ 
tick 49, any straight line drawn in the pkne oPa para- 
bda, parallel to a diameter, will meet the curve in one 
point, and in one point only, and, by the last article, it 
will itself be a diameter. " 

laf^. Any straight line in a parabola, not parallel to 
a diameter, will meet the curve in two points. For any 
straightline drawn through V, the vertex of the cone, 
and iovliie vertical plane, and not in the same direction 
with VB, will fall without the oi^>08it6 oones^s and by 

E 4 
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BOOK the demonstration of the second part of article 37, one 
plane may be drawn through this straight line to touch 
the conical superficies, and cut the plane of the para- 
bola. The intersection also of this plane with the 
plane of the parabola will touch the parabola^ and any- 
straight line in the parabola parallel to this tangent will 
meet the curve in two points, by article 38. Hence 
(16. xi.) this article is evident. 

123. The po!nt in which a diameter 6f a parabola 
meets the curve is called the Vertex of the diameter. 

124. If a straight line temriinated by the curve of a 
parabola be bisected by a diameter, it is called a. Double 
Ordinate to that diameter ; and its half is simply called 
an Ordinate to it. 

125. The segment of a diameter between its vertex 
and an ordinate is called an Absciss of that diameter* 

i%6. The diameter of a parabola, which cuts its or- 
dinates at right angles, is called the Aocis of the para- 
bola. 
Pig, 63, 64. l2^ Lemma. If a straight line (G R) touch a circle 
(E P F in P) and two straight Imes (E P, F P) cutting 
the circle pass through the point of contact, and meet 
(A B*) a straight line parallel to the tangent, the rec- 
tangle (E P X P C) under the segments of th^ ooe, be- 
t>yeen the point of contact and the circumference, and 
between the point of contact and straight line parallel 
to the tangent, will be equal to (F P x P D) the rec- 
tangle under the segments of the other, between the 
point of contact and circumference, and between the 
point of contact and straight line parallel to the tangent. 
ForEF being drawn, the angle EFP (3a. iii.) is 



« Hie straight likie A B may be on either side of the tangent RG, and 
it ia iM>t neceMary, upon being produded indefiiii^3% that it tktald meet 
,llwi9irain^lcr9ivse: of the circle. 
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equal to the angle R P E, which (29^ i.) is equal to the BOOK 
angle P CD; The triangles E P F, D P C are there> "!*. 
fore equiangular, and {4. vi.) EP : PF : : DP i P C. 
Consequently, (16. vi.) the rectangle under E P, P C is 
equal to the rectangle under F P, P D. 

ta8. If A.B ci^ttbe circle in B, and PB be drawn, 
it may be proved in the same way that the rectangle 
under F P, PD is equal to the square of P B. For the 
tangent R P being produced to G, aiid B F being 
drawn, the anj^ie B P G (3a. iii.) is equal to the angle 
B F.P ; ^ukd (29. i.) it is also equal to the angle D !B P. 
Tte triangles B F P, D B P lire therefore equiangular, 
and (4; vi.) FP : PB : : PB i PD, and (17. vi.) the 
rectangle under F P, P D is equal to the square of 
PB. 

129. The rest remaining as above, if B G be drawn Hgr. 64. 

parallel to F P, BG is (34. iO equal to P D, and there- 

P B* 
fore, by the above, F P = ^-77. 

130. If each of two diameters of a parabola meet PROP. L 
a straight line, and if each Of these straight lines cut, 

or one of them cut and the other touch the parabola, 
and if these two straight lines be parallel; then the 
segment of the one diameter, between its vertex and 
the line which it meets, will be to the segment of the 
other between its vertex and the line which it meets, as 
the square of the line which meets the first mentioned 
diameter, if a tangent, or the rectangle under its seg- 
ments, if a secant, to the square of the line which meets 
the othier diameter, if a tangent, or thfe rectangle under 
its segments, if a secant. 

Suppose DI, GK'to be two diameters of a para- Fig. 62. 
bola, and let D be the vertex of the one, ^nd G the 
vertex of the other. Let L P, M N be ,two. parallel 
stndght lines,]^ arid let D I meelt C R in.jL, and G K 
meet M Nf in M, and let L P, M N eitherbotH cut, or 
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BOOK one of them cut and the other touch the parabola ; 
^^* then D L is to GM as the square of L P, if a tangent^ 
or the rectangle under its 8egmentS5 if a secant, to the 
squarQ of M N^ if a tangent, or the rectao^ under its 
segments, if a secant. 
I>lg.6i. , For let F6DC be the parabola as formed in die 
cone, and DI, GK the diameters' ihentioqed above. 
Let the parabola cut the plane of the base in the 
straight line F K I C, and let the vertical plane cut it an 
B ]^, VB being t)ie side along which the vertical plane 
tQMahei9 the cone^ Then D I, G K are parallel to V B^ 
by article i2(o, . Through the parallels V B, D I let a 
plane pass, and let it cut the cone in the side V D'A, 
and the base in Bl A. Thnough the panaUels VB, 
G K let a plane pass, and let it cut the cone in the side 
V G H, and the base in B K H. Then (4. vi. and 16. v.) 

DI : VB:: AI 2 AB, atid 
VB:GK::HB:HK; and therefore, 
by article 44, (and cor. i . vi.) 

DI:GK::AIxHB: ABxHK. 
But, by article, 127, (and 16. vi.) 

HB: AB::BI:BK, 
and AI:HK::AI:HK, 
and article 44., 

AIxHB: ABxHK:: AIxBI:BKxHK; 
and therefore, (i|. v. and 35. iii.) 
DI:GK::AIxBI:BKxHK::FIxIC:FKxKC. 
Consequently, supposing the straight line FKIC to 
have the same situation in the parabola in Fig. 6^5 as 
in Fig. 61, and that L P, M N are parallel to the bas^ 
of the cone, we have, by article 5a, the following pro- 
portions, arrangied for ex sequali ; 

DL : DI : GK GM 

tvLF^ rt.MN* 

or |:EIxIC:FKxKC:^ or 

B.Ji.M 18.MN' 
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Hence, {m.\.) BOOK 

DL : GM : : t. LP* or 8. LP' : uHW or s. MN^ ^^' 
And supposing L P^ M N not to be parallel to \k^ 
base of the cope, but that M R, L S are parallel tq it, 
and that they are either both secants, or one of then^ a 
secant and the other a tangent to the parabola. ; then, 
by the above, and article 48, 

DL: GM ::t. LS^ors. LS': t.MR*ors.MR': : 
t. L P* or s. L P' : t. M N* or s, M N'. 

• , i .11. • 

131. A diameter (B G) of a conic section (AB C) PROP.IL 
bisects any secant (A C) it meets in the same section or ^* ^^' 
opposite hyperbola, parallel to a tangent (D B £) pass- 
ing through its vertex (B) ; and ordii^ates to a diame- 
ter (B 0) and a tangent passing through its vertex are 
parallel to one another. 

In the ellipse and hyperbola this has been proved 
in article 64^ and iii the parabola it may be proved in 
the following manner. 

Part h Through A, C, let A D, C £ be 4rawp P^i^l- 
lel,to BG, and let AD meet the tangent in D, and 
C E meet it in E. Then, by article la^, AD, C E are 
diameters ; and, by article 130, 

AD:CE :: DB*:BE^ and 
(34, i.) as AD, C £ are equal, D B=B £, and there- 
fore AG=GC. 

Part IL If it be possible, let the straight line H R . 
in tbe parabola AB C be bisected by the diameter B G 
in N> and not be paraUel to A C or D £. 
, Through R draw R M parallel to the diameter B G, 
and through H draw H L paj^allel to AC or D £, and 
let it meet B Q in K, th^ curve agsun in L, and R ^( in 
M. Then as ^ R is bisected in N, and as K N, M R 
are.paraUql, (ij. vi.) HN:NR :: HK ;,KM, and 
H K, is; equal fo; KM. : But, by P^rt, I. Q K is eqi;ial |p 
K h, and tl^^forp K,Ja is eqi^ to; KJM s which i^ lai^ 
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BOOK surd. Consequently ordinatea to the diameter B G 
'"• must be parallel to one another, and to the tangent 
D E, passing through the vertex. 

132. From the last, and article 64, it is evident that 
if in any conic seetion a secant be an ordinate to a dia- 
meter, any other secant in the section or oppdsite hy- 
perbola, and parallel to it, will be an ordinate to the 
same diameter. 

133. From the last article it is evident, that if a 
■" ' straight line bisect two parallel secants in a conic aec- 

tion it will be a diameter. 

134. From the above a method of finding a diame- 
ter of a given parabola is evident. For two parallel 
straight lines being drawn in the parabola, a straight 
line bisecting them, and any straight line parallel to it, 
will be a diameter. 

135. The method of finding the axis of a parabola is 
also evident from article 126. For, having found a dia- 
meter of the parabola, by the preceding article, let 
a straight line at right angles to it be drawn within the 
parabola, and limited both ways by the curve. Then 
the diameter bisecting this straight line will be the 
axis i for, being parallel lo the diameter first found, it 
will (29. i.) bisect the straight line in the section at 
right angles. 

'ROT. m. ,36. The abscisses (B G), (B K) of a diameter (B G) 
of a parabola are to one another as the squares of the 
corresponding ordinates {A G, H K) ; and a third pro- 
portional (P) to an absciss and its corresponding ordi- 
nate is of the same length, whatever absciss be taken. 

Part I. This follows from articles 131 and 5a. 

Part II. By hypothesisj 
BG: AG:: AG: P, and (17. vi.) B Gx P=A G*. 
But by Parti, BG : B K : : AG" : HK*, and there- 
fore, BG:BK::BGxP:HK^ Hence, 
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(uvi.) BQxP : BKxP :: BGxP : HK^ BOOK 

and (14. V.) B K X P=H K» ; and therefore, "'* 

(17. vi.) BK:HK::HK:P. 

137. A third proportional to an absciss of a diame- 
ter of a parabola, and the corresponding ordinate, is 
called the Parameter^ or Lotus Rectum of the diameter. 
The parameter of the axis is frequently called the Prin^ 
cipal Parameter, or Latus Rectum^ 

138. Scholium. By article 136, the rectangle under the 
absciss B K and the parameter P is equal to the square of 
the corresponding ordinate H K ; and on account of this 
equality ApoUonius caUed the section a parabola. 

From the property demonstrated in article 136, the 
parabola is frequently denoted by an algebraical equa** 
tion, in the following manner. Put the parameter of 
.the diameter B K=p, the absciss B JL^x, and the or- 
dinate H K=^. Then, from the above, x : y :: y : p, 
and p x=y^. 

139. If a diameter (A D or R M) of a parabola meet PROP, 
a tangent (B D) or secant (H L) to the section, the rec- f^'^/ 
tangle under its segment*, (AD or RM,) and the pa- 
rameter of the diameter to whose ordinates the tangent 

or secant is parallel, will be equal to the square of the 
tangent or the rectangle under the segments of the 
secant. 

For let B G be the diameter passing through the 
point of contact, and let P be its parameter, and A G 
an ordinate to it. Then D G is a parallelogram, and 
by article 136, 

B G X P= A G% and therefore (34. i.) A D x P=:B D^. 
. Again, let the secant H M be parallel to the ordinate 
A G or tangent B D, and then, by article 130, 
AD.RM :: BD*:HMxML, and 

* When a diameter meets a tangent or secant, its segment is its part 
betireen ita vertex and the point of concoijuise. 
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BOOK (I. VI.) ABxPrRMxP :: BD*: HMxML. 

Tit 

Hence, by the above (and 14. v.) 

RMxP=HMxML. 
Fig. 66. 140. If two Straight lines A B, B C meeting om an- 
other^ botli touch or both cut, or one of them touch and 
the other cut a parabola, the square of A B, if a tangent; 
or the rectangle under its segments, if a secant, will be 
to the square of B C, if a tangent, or the rectangle un- 
der its segments, if a secant, as the parameter of the 
diameter to whose ordinates A B is parallel to the para- 
meter of the diameter to whose ordinates B C iff pa-. 
raUel. 

For let P be the parameter of the diameter to whose 
ordinates A B is parallel, and p the parameter of the diar 
meter to whose ordinates B C is parallel; and let BD 
be the segment of the diameter passing through B« 
Then by the last article, t. AB* or s. AB'sBDx P, 
and t. B C* or s. B C'=B D xp, and therefcMPe (i. vi.) 
t. AB* or s. A B' : t. B C* or s. B C' : : P : p. 

Vig. 5.7^ 58, 14T. If a str^ght line P R, touching a conic isiection in 
^^ P, meet any diameter A B in R, and P H be an ordinate 
to the diameter, and P K, at right angles to P R, meet 
the diameter in K; the segment HR is called the Sub- 
tangent, the straight line PJLthe Normal, and the seg- 
ment K H the Subnormal. 

PROP. V. 14a. The segment (B R) of the subtangent between 
the tangent (P R) and the vertex (B) of the diameter 
(A B) is greater in the ellipse but less in the hyperbola 
than its segment (B H) between the vertex and ordi- 
nate, the diameter in the hyperbola being a transverse, 
but in the parabola the vertex bisects the subtangent. 

For, in Figures 57, 58, let C be the center, and then, 
by article 78, C R : C B : : C B : C H- Hence, by 
conversion in the ellipse, but by inversion and conver- 
sion in the hyperbola^ C R : B R : : C B : B H, and 
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therefore (14. v.) in Fig. 57, B R is greater than B H, BOOK 
but in Fig. 58, B R is less than B H. "' 

In Rg. 67, let P H meet the curve of the parabola 
again in Gy and then P G will be bisected in H^ P G be- 
ing a double ordinate to AB. Let a diameter G L 
meet the tangent P R produced in L. Then as H R, 
G L are parallel, (4, and 2, vi.) 

PH:PG::HR:i^HRorGL::PR:aPRorPL; 
and therefore, by art. 130, P L* or (4, ii.) 4 P R* : P R* : : 

GLoraHR:BR. That is 4 : i : : ^H R : — = 
BR. 

143. If two straight lines touching a conic section, PROP. VI. 
or opposite hyperbolas, meet one another, the diameter 
bisecting the line joining the points of contact will 

pass through the point of concourse. 

In the ellipse, hyperbola, or opposite hyperbolas, 
this has been proved in article 8o. 

In the parabola P B G let the two straight lines P R, Rg- ^7* 
G R touch the section in the points P, G, and meet one 
another in R, and let the diameter A B bisect P G, the 
straight line joining the points of contact, in H; the dia- 
meter A B will pass through R. 

For, as P G is Usected by the diameter A B, it is a 
double ordinate to it ; and therefore, by article 14a, if 
H B be produced, and meet the tangents, its segment 
between B the vertex and the tangent P R will be 
equal to its absciss B H, and its segment between B 
and the tangent G R will also be equal to B H. The 
diameter A B will therefore meet both the tangents 
P R, G R in the same point, and consequently will pass 
through R, the point of concourse. 

144. If two straight lines touching a conic section or 
opposite hyperbolas, meet one another, a straight line 
passing through the point of concourse, and bisecting 
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9 O O K the line joining the points of contact^ will be a diameter. 
^^^ The truth of this is evident from the last and article 8i. 
145. From the above it is evident^ that if P G be a 
double ordinate to A B^ a diameter of any conic sec- 
tion PB G^ and if P R^ touching the section in P^ meet 
the diameter in R, then if the straight line RG b^ 
drawn, it will touch the section in G. 

Rg.68. . 146. If from B, the vertex of the axis A B of the 
parabola P B M^ a segment B F be taken in the axi^^ 
equal to one fourth of the parameter of the axis, the 
point F is called the Focus, or Umbilicus, of the para- 
bola. 

147. The double ordinate TS, drawn through F, the 
focus of any conic section^ is equal to the parameter of 
the axis passing through the focus. This has been 
proved in the ellipse and hyperbola in article 9*. In 
the parabola the square of T F is equal to the rectai^e 
under B F, and four times B F, by articles 1^6, 24$, and 
therefore 4 T FMs equal to 4 B F x 4 B F. But (4. ii.) 
4 T F^ is equal to T S*, and consequently T S is equal 
to 4 B F, and therefore, by the last article, equal to the 
parameter of the axis A B. 

148. As in the ellipse and .hyperbola, so in the pa- 
rabola, the straight line touching the section in T, the 
extremity of the double ordinate drawn as above, is 
called the Focal Tangent to the parabola. 

Fig. 68, 69, 149. If the focal tangent T G, belonging to the fo- 
^^' cus F in any conic section P B M, meet the focal axis 
A B in X, the straight line X Y at right angles to A B 
is called a Directrix of the section. And if, in the el- 
lipse or hyperbola, O be the other focus, and the focal 
tangent belonging to O meet the focal axis A B in K, 
the straight line K L at right angles to A B is also 
called a directrix of the ellipse or hyperbola. 

150. As in the ellipse and hyperbola the foci F» O 




■'l^^ 
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are equally distant from C the center, it is evident from BOOK 
the last, and article 78, that the directrices X.Y, KL 



are equally distant from the center. 

15 1 ..In the parabola, the focus F and the directrix 
X Y are cquaHy distant from B, the vertex of the axis, 
by the above and article 142. 

15a. If a tangent (fi G) passing through the vertex (B) PROP. 
oC the focal axis (AB) of a conic section (P T M) meet pig. 68^ 69, 
« focal tatigent, its segment (B G) between the point of 7o* 
contact and point of concourse w\\\ be equal to the 
segment (B F) of the axis between the point of contact 
and the focus to which the focal tangent belongs. 

As far as this relates to the ellipse, or hyperbola, it 
has been proved in article 94. 

In the parabola, every thing remaining as in articles Tig. 68. 
146, T47, T F is double of F B, and therefore, by ar- 
ticle 151, TF is equal to FX. Again, by article I31, 
T F, G B are parallel, and therefore (4. vi.) T F : F X : : 
GB : B X, and therefore G B is equal to B X, and con- 
sequently equal to FB. 

^53* If a straight line (N R) drawn from a focal tan* PROP, 
gent (N T G X) and cutting the cur\'e of a conic sec- p^g. 68,^*69, 
tion (P B M in P) be at right angles to the focal axis 7o» 
(A B), and a strsught line (P F) be drawn from the 
point in which it cuts the curve to the focus to which 
the tangent belongs, the two straight lines (NR, P F), 
. thus drawn, will be equal to one another. 

For let N R produced meet the curve again in M, and 
let B G touch the section in B, and meet the focal tan- 
gent in G. Then, by article 131^ B G is parallel to NM, 
.and proceeding as in article 96, 
byarUcle48, TG*:TN» :: BG*:MNxNP, 
(10. and M. vi.) TG*. : T^* : : F B* : F R% 
(II. V.) FB*:FR* :: BG»:MNxNP. 

Consequently^by the last, (and 14. v.) M N x N P = F R*, , .. 

F 
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BOOK andMNxNP+PR*=FRHPR%or(6,ii.and47.i.) 
,.JlllL.NR*=PF%andNR=PF- 



154. By similar triangles^ N R : R X : : G B : B X^ 
and therefore, by the last and article 152, and (34. i.) if 
P Ybe perpendicular to the directrix X Y, PF : P Y s : 
FB:BX. 

In the ellipse and hyperbola let K L be the other di- 
rectrix, and let N V, P Q be perpendicular to it. Let 
the conjugate axis meet the tangent G T in I, and lei 
K L meet it in L, and let PO be ^awn to the other fo- 
cus. Then, by ardcle 9^, C I is equal to C A or C B, 
and by similar triafigTes, XC:XK :: CI:KL; and 
as, by article 150, X K is double of X C, K L is double 
of C I, and therefore equal to A B. Consequently, by 
article 97, LV is equal to PO; and as by similar tri- 
angles, LV : VN :: NR : RX, it follows by the 
labove, (and 34. i. and 11. v.) that P F : P Y : : PO t 
VQ :: FB:BX. 

155. By article 15a, G B is equal to F B ; and by ai<- 
ticle 98, CI is equal to C B ; and therefore, 

by article 154, GB : B X : : P F : P Y :: PO : PQ, 
(4.vi.) GB:BX::CB:CX, 

by article 78, CB : C X : : C F : C B. 
Hence, (11. and 15. v.) 

PF:PY::POrPQt:FO: AB. 

156. It is evident from the last article, that in the dt- 
lipse PF is. less than P Y, and PO less than P^; b« 
in the hyperbola P F is greater than P Y, and P O 
greater than P Q. 

Fig. 68. 157 A strMght line P F drawn from any point P in 
the curve of a parabola to the focus, is equal to P Y a 
strsught line drawn from the same point perpendicular 
to the directrhc. For, by Article 154, P F : P Y : : 
FB : B X; and, by article 142, FB is equal to B X. 
PROP. IX. 158. If from any point (P) in the curve of a para- 

Fig. 72. 



bola (P B R) a straj^t line (P F) be drawn to the focus BOOK 
(F), and a straight line (P J>) perpendicular to the di» ^"' 
-rectrix (D X), the angle (D P F) contained by these 
straight lines will be Usected by a tangent (P £) pas»- 
ibg tbrou^ the same point. 

For let the tangent P£ oatfet the ^ids AB in £, and 
let PA be an ordinate to AB. Then, by artick 143^, 
AB is equal to B £ ; and as^ by article 151, FB ia equal 
toBX, AXisequal toFE, but AXis:(34. i.) PD, 
and therefore, by article 157, P FjcF E. Hence the 
angle FPE (vi. 10= the ulngie FEP, and therefore 
{H^. i.) the angle F P E» the ingte D P E. 

159. If a straight line P £ touching a parabola meet 
the axis AB, the segment FJE between the point of 
concourse and the focus is equal to the straight line 
P F drawn from the point of contact to the focus, as 
IS evident from the la^t article. 

160. A straight line (F G) drawn from the focus (F) prop. 
of a pieurabok (PB R), perpendicular to a tangent (P-E), r^^mj, 
is a mean proportional between the straight line (P F) 
drfwn from the point of contact to the focus> and the 
aegment (F B) c^ the axis between the focus and the 
vertex of the axis. 

For let the tangent PE meet the axis in £ and draw 
B Cr> and let PA be an ordinate to the axis ; and then^ 
by ^ last article, P F, F £ are equal, and therefore 
{5« i.) the stfigles^ F P £, FE P are equal. Consequenjtly 
(%6. i.) P G is equal to GE, and the angles PFG, 
£F G are equal. Hence, as by<article 14^, AB is equal 
t6B£, PG : GE :: AB: BE; 

and therefore (a. vi.) GB is parallel to PAand GBF 
is a rij^t angle. H^nce, 

<4.yi.) PF:FG.;: FOrFB. 

This is I^ennna XIV. lib- 1, of tl^ Princjpia. , 

F % 
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lOOK i6i. By the last article^ and (cor. 2, 20. vi.J^ 
^"' PP.FG* :: PF:FB. 



t62. It foUows from article 160/ that the concourar^ 
of any tangent P £ with a straight line F G, drawn' 
from the focus of the parabola perpendicular to it^ is in 
the straight line B G, which touches the pambola in 
the vertex of the«a(xis ; for it was* there proved that GR 
is parallel to the ordinate P A^ 

165 « If a straught line touch a parabola^ and cut* a 
itraight line drawn from the focus to the directrix at 
right angles, it will bisect it. For the rest remaining as 
in the last three articles, let FG produced meet the di* 
rectrix in D. Then as GB, D X are perpendicular tO' 
Uie axis, they are parallel, and 

(a. vi;> F D : B X : : F G : G D ; and therefore^ 

by article 14a, F G is equal to 6 1>. 

164. Scholium. If a striught line pass thtt>ugh a poitiit 
moving in the curve of a conic section, and silways 
touch the section, and if a straight line revolve about a 
focus of the section^as » center, and be always perpen-* 
dicular to the moving tangent, the magnitude of the 
perpendicular will be less varied in the hyperbola than 
in the parabola, but it will be more varied in the ellipse 
than in the parabola^ 

Fig- 7h 13f For let the point P bfc supposed to move ill the cufve 
'^' B P of the conic section' P BR/ and let the straight line 
P £ accompany it in its motion, and always touch the 
section. Let the straight Hnfe FG revolve about F, a 
focus of the section, and let it be always perpendicular 
to the tangent P £« 

^S* 1S> 74- In the ellipse and hyperbola let C be the center, C D 
the semiconjugate axis, and CH the semidiameter paFa^« 
lei to the tangent P E. Then, by article r 1 1^ F G : F P : : 
CD:CH, and therefore, (a?a. vi;) FG^F P* ;: CD^ : 
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C H*. But O being the other focus, and PO beuig book 

dlawn, by article 110, CH*=FPxPO, and therefore ^ 

F pa w p T\a 

P G» : F P^ : C D* : F P X P O, and F G^ = f,^^^:; 

F P X P O 

F*Px CD* 
= p7^ — • For the same reasons if p denote an- 
other position of the moving point, F g the perpendi- 
cular at that position, and F p, /> O straight lines drawn 

F f) X C D* 

from p to the foci, then Fg*=: ^ ^ . Conse- 

'^ ' ^ pO 

.1 i?r^2 T,^ FPxCD* FpxCD* 
sequently F G* : F^ i : — ^ — : ^ :: 

F_P Fp 
PO 'pO* 

If in the parabola p denote another position of the Rg. 7a- 
moving point, F g the perpendicular at that position, 
and p F a strsdght line drawn to the focus, then, by art. 
i6o, (and 17. vi.) F g*=F p x F B, and F G* : F ^ : : 
FPxFB : FpxFB 2: FP:Fpj orFG* :F^ii 
FP Fp 

fb'fb* 

In the hypei'bola and ellipse, therefore, the square of 

the perpendicular FG varies as the value of the firac- 

FP . FP 

don ^-p., and in the parabola as rjTpr. 

But if the numerator and denominator of airaction 
bfe each variable, then if they always increase or de- 
crease in the same proportion, the value of the fraction 

tiriU be always tlie same. Thus if the fraction be ^ 

and if while Q varies and becomes q, R varies and 

becomes r, and if Q : R :: y ; r, then ^=— > by 

converting the proportion into an equation. From 
hence it is also evident, that the more nearly the m^ 
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BOOK merator and denominator increase or decrease in the 
sanie proportio/i> the less will the value of the fraction 



be varied; but, on the contrary, the more they differ 
ftom a proportional increase or decrease, the more will 
the value of the fraction be varied. Now in the hy- 
perbola the difference between F P, P O is, in every si- 
tuation of P, equdl to A B the transverse axb, and there- 
fore, in every instant th^y vary, they receive an equal 
increase or diminutibn ; but however, in the parabola^ 
F P may increase or diminish, F B remains constant. In 

. F P 
the hyperbola therefore the value of the fraction *g^ 

FP 
varies less than the value of the fraction ^rrri*^ the pa- 

FB ^ 

rabda. Again, in the ellipse the sum of P F, P O is 
equal to A B the transverse axis, and therefore if either 
of them increase, the other will diminish ; and conse- 
quently in varying they will differ more from a pro- 
portional increase at the same time, or decrease at the 
same time, than F P, FB in the parabola. In the el- 

. F P 
lipse therefore the value of the fraction ^jr varies more 

FP 
thatl th6 value c^ the fraction -r5 in the parabola. 

In the hyperbola thw^fbre the square of F G varies 
Jess, but in the ellipse it varies inore, than it varies in 
the parabola ; and consequently F G varies less ifi the 
Jpyperbpla> but more in th^ ellipse, than it varies in 
the parabola. See the Principia, Cor. 6. Prop. XVI. 
lib. I. 
PROP. XL ; i6^, U from the point (P) in which the 4ti^ht line 
^•7»» (p E) touches the parabola (PBR) two straight lines 
(P A)^ (P H) be drawn tbihe axis, one Of tlieiti (PA) 
m ordina(;is to it, the oj^t (P H) at right an|[l0« to the 
tai^ea^ tb^ m^boQtmsi (fl A} i^^^^sml t^ Mf ^ p»^ 
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rameter of tjie sous. And if the tangent meet the axis book 
in (E) the segment (E H) intercepted between the point "^' 
of concourse and the noimal (P H) will be eqiial to 
half the parameter of the diameter (KPD) passon^ 
through the point of contact. 

Part I. Letp be equal to the parameter of the axi% and 
then (cor. 8. vi.) E A x A H5=P A^^H A Xp, by article 
136, and therefore (16. vi.) E A : B A : ; p : A Q; and 
as, by article 142, fi A is half of £ A, the subwnnal 
A His half of p. 

Part II. Let M be equal to the parameter of KPD> and 
then (cor. 8. vi.) HExE A=:PE*=;:BExM, by artide. 
139, and therefore (i6. vi.) E A : fi£ : : M : HE; and 
as, by article 142, B £ is half of E A, H £ is hal£ 
ofM. 

i66. It is evident Arom the last article that the para* 
meter of the axi^ is less than the parameter of any 
other diameter. 

167. Every thing remuning in the figure as stated 
in article i6j, the normal P H is a mean proportional 
between half the parameter of the axis and half the pa- 
rameter of the diameter K P D. For (cor. 8. vi.) 
• EH:PH;: PH:HA. 

i68. A straight line drawn from any point in ther 
curve of a parabola to the focus is equal to a fourth 
part of the parameter of the diameter passing throu^ 
the same point. If the point be the vertex of tl^e axis, 
this is evident from article 146; but for any other 
pcnnt P let every thing remain as in the last Prop, ai^d 
draw P F to the focus F* Then, by article 159, F P, 
F£ are equal; and as £ P H is a right angle, if with 
F as a center, and F P as a distance, a circle be de- 
scribed^ it will pass (31. iii.) through E and H. Con«- 
sequendy FE, FP^ FH are equal, and therefore, by 
Part II. of the last Proposition, each of them i^ tqfjisi 

F4 V 
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BOOK to a fourth part of the parameter of P K. This is 
_ili_ Lemma XIII. Lib. I. of the Principia. 



169. The distance of the vertex of any diameter of a 
parabola from the directrix is equal to a fourth part of 
the parameter of the diameter. This is evident from 
the last and article 157. 
PROP.XII. 170. A straight line (G K) drawn through the focus 
^' ^^' (F) of a parabola (P B K) and terminated both ways by 
the curve, is equal to the parameter of the diameter 
(P H), to which it is a double ordinate. 

Let G K meet P H in H, let the tangent P E meet 
the axis A B in £, and let P F be drawn. Then, by ar-i- 
tides 168, ij9, PF is equal to F£, and each is one 
fourth of the parameter of the diameter P H. Conse- 
quently, as by articles 131, i2i, PE is parallel to GK 
and P H to E F, (34. i.) P H is one fourth of the para- 
meter of PH. Hence, by article 136, PHx4PH= 
4 P H^=:G HS and a P H=G H, and therefore 4 P H 
=sG K. The double ordinate G K is therefore equal to 
the parameter of P H. 

171. If a straight line, as GK, in a parabola pass 
through the focus, and out the diameter to which it is 
an ordinate, the absciss of the diameter vrtll be equal 
to the distance of its vertex from the focus, and also 
from the directrix. For, as in the last article, P H= 
PF=FE=the distance of P from the directrix by ar- 
ticle 157. 
Fig* 71* 17^* If AMN be the vertical plane to the opposite 
hyperbolas E V F, GL H, as in article 26, and cut the 
cone in the sides AM, AN, and if planes AK, AX, 
touching the cone in the sides A N, A M, cut the plane 
of the hyperbolas in the straight lines K Q, I R, the 
str^ght lines K Q, I R are called the jisympfoies of 
either of the hyperbolas, or of the opposite ; hyper-* 
holas. 
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173. As the vertical plane AM N is parallel to the BOOfC 
plane of the hyperbolas EVF, GLH, the asymptotes * 
K Q, I R (16. xi.) are parallel to AN, AM, sides of 

the cone. 

174. The asymptotes K Q, I R do not meet the 
curve of either of the opposite hyperbolas. For the 
planes A K, A I touch the opposite cones in the sides 
A N, A M, and as the asymptotes are parallel to these 
sides, they do not meet either of the opposite conical 
superficies. 

175. Any two straight lines T S, PO drawn in the 
planes A K, A I from the asymptotes to the sides A N, 
A M, and parallel to the base of the cone, are equal, 
and touch the conical superficies. For let N M, I K^ 
N K, M I be the lines of common section of the base 
with the vertical plane, the plane of the hyperbolas, 
and the planes A K, A I. Then, as Q K, S N are paral- 
lel, and as S T, being parallel to the base, is parallel to 
N K, the straight line S T (34. i.) is equal to N K. For 
the same reasons O P is equal to M I. Also N K, M I 
are equal. For if N K, M I be parallel, then M K is a 
parallelogram, and (34. 1.) N K is equal to M I. But 
if N K be not parallel to M I, let them meet in W; and 
as they are in the tangent planes, they will touch the 
circle M D N, the base of the cone. The straight lines 
WN, WM (36. iii.) are therefore equal, and (j^. vi.) 
W N : N K : : W M : M I. Consequently (14. v.) N K 
is equal to M I, and therefore S T, O P are equal, and 
as they are in the planes A K, A I, they touch the co- 
nical superficies. 

176. The angle I C K, or Q C R, within which either 
of the opposite hyperbolas is situated, is called the in- 
terior angle of the asymptotes; and the angle R C K, or 
Q CI, opposite to it, is called the exterior angle of the 
asymptotes. 
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BOOK 177. Any Straight ]ine (LCV) passing through the 
''^* point (C) in which the asymptotes meet^ in the sam^ 



PROP, plane with them^ and falling within the inteiior angle 

Fig. 71. of the asymptotes, will meet each of the opposite hy*^ 

perbolas (£ V K, G L H) 5 and the point in which the 

asymptotes meet is the center of the opposite hyper* 

bolas. 

Part I. Every thing being in the Figure as stated in 
article 17a, let A C be drawn^ and through A C, L C V 
let a plane pass, and let its line of common section with 
the vertical plane be A Z. Then (i6. xi.) A Z, C V are 
parallel, as are also AN, CK; and therefore (to. xi.) 
the angles Z A N, V C K are equal. In the same man* 
ner it may be demonstrated that the angles M A Z^ 
I C V are equal, and that the angle MAN is equal to 
the angle I C K. The strdght line A Z therefore, pass* 
ing through A the vertex of the cone, falls within the 
opposite superficies, and consequently the plane passing 
through AZ, LCV must cut the opposite cones in 
two sides, one of them being on the right of the plane 
A M N, and the other on the left as viewed in the Fi« 
gure. But as the planes A M N, Q K I R are parallel^ 
and as L C V is parallel to A Z, the side of the cone on 
the right of AMN and the straight line LCV must 
meet the hyperbola £ V F in the same point; and the 
side of the cone on the left of A M N and the straight 
line LCV must meet the hyperbola Q L R in the same 
point. 
Fig. 78. Part IL Let A B D, E F be opposite hyperbolas, 
and let the asymptotes I P, RN cut one another in C. 
Let LM touching the hyperbola ABD in B meet the 
asymptotes in L, M^ and let Q £ p^allel to it touch 
the opposite hyperbola in E^ and meet the asymptote 
RN inQ. Let the secant AD be parallel to these 
tangent^ and meet the asymptotes in N, P. Let Q ^, 
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LX, M Y, NV, P W, be straight lines parallel to the BOOK 
Imse of the cone in which the hyperbolas were formed, 
and let them be supposed to have touched the conical 
superficies or opposite superficies in the points Z, X, 
Y, V, W respectively. Then, by article 175, Q Z, 
L X, M Y, N V, P W are equal to one another, and 
therefore their squares are equal; and, by article 46, 
we have the following proportions : 

ZQ^2QE» :: XL»:LB», 
XL»:LB» :: YM»: MB», 
VN»:DNxNA::WP*: APxPD. 
Hence (14. vO QE^rcLB*, LB^=MBS DNxNA« 
APxPD, and therefore, QEsLB, LB=MB; and, 
by article 60, N A is equal to P D. 

Let C B produced meet N P in O, and then, by simi- 
lar triangles, 

CB:CO :; LB:NO :: MB:PO; and 
therefore (14. v.) N O is equal to P O, and A D is bi- 
sected in O. Hence, by article 62, O C produced most 
pass through £; and, by similar triangles, 

LB:BC :: Q£:EC^ and 
(14. V.) B E is bisected in C. Hence, by articles 61 
and 63, C is the center of the opposite hyperbolas. 

178. It is evident from the last, and articles 61 and 
6$j that a straight line C T passing through C and £iU' 
jpg within RC P or I CN, the exterior angle of the 
asymptotes, and parallel to the ordinates of E B or to 
the tangents passing through the vertices B^ E is the 
conjugate diameter to E B. 

179. If a straight line as L M touch an hyperbola 
and meet the asymptotes, its segments between the 
poinu of contact asid the a^rmptotes will be equals 
Thia is proved in the demonstration of article 177 ', and 
also^ that if a strai^ fine as A D cuttir.g att hyp^xJa 
meet the asymptotes in N, F iu scsgriMnu N A^ P D 
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fioOK between the curve and asymptotes are equal. The 
^^' property is the same when any straight line, as FH 
cutting the opposite hyperbolas in F, H, meets the 
asymptotes in Q, M. For, the rest remaining with re- 
spect to the Figure, by article 46, 

YM^:HMxMF :: ZQ* : F QxQ H, and, 
therefore, (i4. v.) by article 60, HM is equal to FQ. 

180. If through any point P in either asymptote a 
straight line, as K G, be drawn, meeting the opposite 
hyperbolas in K and G, and a straight line, as P A, be 
drawn, meeting the curve of the hyperbola ABD in 
D and A ; the rectangle under K P, P G will be equal, 
to the square of the semidiameter parallel to K G, and 
the rectangle under A P, P D will be equal to the 
square of the semidiameter parallel to A P. For let 
jEl B be the diameter parallel to K G, the rest remain^ 
ing as in the last three articles, and let the straight line 
C U be parallel to the base of the cone in which the 
section was formed, and let it be supposed to have 
touched the conical superficies in U. Then, by article 
175, P W, C U are equal, and by article 46, 

PW*: KPxPG :; CU*: CB*orCE% and 
therefore (14. v.) K P x P G=: C B*. 

Again, by article 68, 

KPxPG : APxPD :: CB*: the square of the 
semidiameter parallel to AP; and therefore (14. v.) 
A PxPD is equal to the square of the semidiameter 
parallel to A P. 

i8i« A straight line as*LM, touching the hyper- 
bola A B D in B, and meeting the asymptotes in 
L, M, is parallel and equal to the second diameter 
conjugate to the transverse diameter £ B, passing 
through the point of contact. For it may be proved, 
as in the last article, that the square of B M is equal 
to the square of the semidiameter parallel to it, and 
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therefore, by articles 179, 61, 63, the assertion is evi- BOOK 
dently true. ^^^' . 

i8a. Either asymptote, and either of the opposite 
curves, being continually extended, will approach 
tiearer and nearer to one another, but can never meet. 
For, the rest remaining, let C S be the semidiameter 
parallel to the tangent LM or the secant AD P, and 
then, by article 180, CS*=A PxPD. Now, if we 
suppose the straight line A P continually to move from 
B, always to be parallel to C S, and cutting the curve 
in A, D5 meet the asymptote in P, the equality of the 
fixed square C S* and the variable rectangle A P x P D, 
will still hold. But, by such a motion, A P must con- 
tinually increase, and therefore PD must continually 
decrease. The points P, D however cannot coincide ; 
for, by article 174, the asymptote cannot meet the curve. 

183. According as a transverse diameter (AB) of an PROE 
hyperbola (G B) is greater, equal to, or less than its pj '^ 
conjugate diameter (D E), the interior angle (K C I) of 
the asymptotes (C K, C I) is an acute, a right, or an 
obtuse angle ; and any other transverse diameter (F G) 
is greater, equal tb, or less than (H L) its conjugate 
diameter. 

For let N I, touching the hyperbola in B, the vertex 
of A B, meet the asymptotes in N, I ; and let tC M> 
touching the hyperbola in G, the vertex of F G, meet 
the asymptotes in K, M. Then, by articles 179, 
181, NI is bisected in B, and KM in G; and NI 
is equal to D E, and K M equal to H L, and therefore, 
according as A B is greater, equal to, or less than 
D E, C B is greater, equal to, or less than B I. But if 
with B as a center and B I as a distance a circle be de- 
scribed, its circumference will pass through N, and ao^ 
-cording as C B is greater, equal to, or less than B I, it 
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BOOK will pass between C and B, through C, or on the op- 
posite side of C from B. Consequently (by 3 1 • iii. and 



0,1. i.) according as C B is greater^ equal to, or less 
dian B I| the angle K C I is an acute, a right, or an 
obtuse angle. Again, if with G as a center and G M 
as a distance a circle be described, its circumference 
will pass through K, and (by 31. iii. and ^J, i.) accord- 
ing as the angle K C I is an acute, a right, or an ob<^ 
tuse angle, the circumference of the circle will pass be- 
tween C and G, through C, or on the opposite side of 
C from G. Consequently, according as KCI is aii 
acute, a right, or an obtuse angle, C G is greater, equal 
to, or less than G M. 

If two conjugate diameters of an hypeyrbola be equal, 
or if the angle contained by the asymptotes be a right 
one, it is called an Equilater^d Hyperbola. 
PROP. XV. 184. The rectangle under the two strjught lines 
»S« 19' ^^ £^ ^ j)j drawn from a point (A) in the curve of 
an hyperbola (AV) to the asymptotes (CH, CK) is 
equal to the rectangle under two straight lines (B F, 
B G) parallel to them, drawn from a point (B) in the 
curve of the same or opposite hyperbola to the asymp- 
totes. 

For draw A B, and let it meet the asymptotes in H 
and K, then as A £, B F are parallel, and as B G, AD 
are parallel, 

(4,vi.) AE:BF : HA:HB; 
and B G : AD : K B : K A. But, by article 179, 
HA is equal to KB, and therefore HB is equal to 
K A . Consequently, 

(II. V.) AE : B F : : B G : AD, and therefore 
(16. vi.) AExAD=BFxBG. 

185. If A E, B F be parallel to the asymptote C K, 
and A D, B G be parallel to the asymptote C H, the 
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» 

parallelograms £D^ FG (14* vi.) are equal. For the BOO it 
angle at C being common to the two parallelograms^ 
they are equiangular^ and, by the above, the sides 
round the equal angles are reciprocally proportional. 
• 186. If from any two points as A, B in the curve of 
an hyperbola A VB two strtught lines A£, B F, pa- 
rallel to one of the asymptotes as C K, be drawn to the 
other asymptote C H; then CF : GE : : E A 2 FB. 
And the semitransverse diameters C A, C B being 
drawn, the triai^les C F B, C £ A are equal. 

187. If C H, C K be the asymptotes of an hyper- 
bola A V B, and if from any two points F, E in C Hf 
Straight lines F B, £ A be drawn parallel to C K, and 
if FB be drawn to the curve and £A towards it, and 
if C £ be to CF as FB to £A, the point A will also 
be in the curve. 

188. If A B be a transverse diameter of the opposite Rg. So. 
h)rperbolas A, B, and D E the second diameter conju- 
gate to it, and if D £ be a transverse diameter of the 
opposite hyperbolas D, £, and A B the second diame* 

ter conjugate to it ; the hyperbolas D, £ are called the 
Conjugate Hyperbolas to one or both of the opposite 
hyperbolas A, B, and, on the contrary, the hyperbolas 
A, B are called the Conjugate Hyperbolas to one or 
both of the opposite hyperbolas D, £. When all the 
four hyperbolas A, D, B, E are mentioned together, 
they are called Conjugate Hyperbolas. 

The point C, in which th^ diameters A B, D E, and 
the asymptotes cut one another is the common center 
of the conju^te hyperbolas. 

189. If AM, B N touching the opposite hyperbolas 
in the vertices A, B meet the asymptotes in M, N, they 
are parallel to one another, and also to D £, by article 
66 J and, by article 181. each of them is equal to CE. 



\ 
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Book If, therefore, MN be drawn it will be (33. i.) pifaUcl 
- "^' to A B, and as A B is bisected in C, M N (34. i.) will 



be bisected in E 5 and, by article 66, M N will touch 
the hyperbola in E, and M E, E N will be each equal to 
ACorCB. 

190. The straight line D B, joining the vertices of 
the conjugate diameters A B, D E is paraUel to C N, 
one of the asymptotes, and it is bisected by the other 
CM. For let CM meet DB in G, and the tangent 
N B in F, and then, as B N, D C are equal and parallel^ 
D B, C N (33. i.) are also equal and parallel. Again, 
by similar triangles, F B : B G : : F N j N C, dnd as 
FB is half of FN, BG is half of CN or its equal 
DB. 

191. Lemma. If a magnitude A be to a magnitude 
B as a magnitude C to a magnitude D ; then A will be 
to B as the difference of the antecedents A, C to the 

^ difference of the consequents B, D. 

For let A be greater than C, and consequently (14. v.) 
B greater than D. Then, by alternation, A : C : : B : D^ 
and (17. V.) A— C : C : : B — D : Dj and again, by 
alternation, C : D : : A— C : B— D. But, by hypo* 
thesis, A : B : : C : D, and therefore (ii. v.) A : B : : 
A^C :B-D. 
PROP. 19a. Asymptotes (CN, CM) to opposite hyper* 
3^g^ bolas (A, B), are also asymptotes to the hyperbolas 
(D, E) conjugate to them. 

For the rest remaining as in articles 188, 189, from 
any point I in the asymptote C M, let the straight line 
I K be drawn parallel to A B or M N, and let it cut 
the hyperbola E in H, K and meet the diameter D E 
in V. From I let any other straight line I O be drawn, 
and let it cut the hyperbola E in L, P and meet the 
other asymptote in O. Let GT be the semidiameter 
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parallel to I O. Then, by similar triangles (and aa.vi.) BOOK 

C E^ : E M^ : : C V^ : V P, and "^' 

by article 68, C E^ : C A^rirEM^ : : DVxVE: H V^ 
Hence, by 191, (and 6. ii. and 11. v.) 
CE^:CA*:: (C V^-^D Vx VE=:) CE^ : (VP- 
HV^=HIxIK,andtherefore,(I4.v.)HIxIK=CA^ 
Again, by article 68, -H Ixl K : LI xIP :: CA* : 
C T^ and therefore, (14. v.) L I X LP = C T*. In 
the same way it may be proved th^t P O x O L =3 
C T^ ; and therefore L I x I P=P O x O L ; and con- 
sequently, by article 60, I L is equal to O P. For the 
same reasons, as in article 182, it therefore follows that 
C M, C N are asymptotes to the opposite hyperbolas 
D,E. 

193. The rest remaining, let QS, parallel to CT or 
I O, touch the hyperbola E in R and meet the asymptotes 
^ Q9 S ; and then, as, by the last article, the segments 
I L, O P, of any parallel secant, are equal to one an- 
other, it follows that Q S must be bisected in R. It 
also follows, from the last article, that QR*=RS*=: 
C T^ and therefore that QR=CT=RS., 

194. One of the asymptotes (as QR) of an hyper* PROP, 
bola (A or B) is parallel to, and the other (F P) bisects, ^gSi, 
a straight line (L H) joining the vertices (L, H) of any 

two conjugate diameters (LM, H K) : and the vertices 
(H, K) of any second diameter (H K) are in the curve 
of the hyperbolas (D, E) conjugate to it. 

Part. I. Let the straight line F O touch the hyper- 
bola B in L, and meet the asymptotes in F, O ; and 
through the points F, H let the straight line F N be 
drawn, and let it meet the other asymptote in N. Then, 
by article 181, LO, H C are parallel and equal, and 
therefore (33. i.) L H is parallel to the asymptote Q R 
and equal to O C ; and F L being, by article 179, equal 
to L O, is equal to C H. Consequently (29. and 
26. i.) C I is equal to J F, and L H is bisected in L 

G 
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BOOK Part 11. The conjugate diameters A B, D E bdng ai 
^^^' in article 188, let DB be drawn, and let it meet the 
asymptote F P in G, Then, by article 190, D B is pa- 
rallel to the asymptote Q R, and it is bisected in 6. 
Consequently, by article 186, (and 1 6. vi.) C G x G B :« 
CIxIL, and therefore CGxGD=CIxIH; and, 
by article i85r, the vertex H is'in the conjugate hyper- 
bola D. In the same way it may be proved that the 
other vertex K is in the conjugate hyperbolia E. 

195. From the last article it follows, that the second 
£ameters of opposite hyperbolas are transverse diame- 
ters of hyperbolas conjugate to them. 

196. It is also evident, from article 194, that tangents 
to the conjugate hyperbolas D, B, passing through the 
vertices L, H of any two conjugate diameters meet in 
the same point, as F, in one of the asymptotes. 

Fig. 82. 197. If each of the two straight lines DF, DE, 
meeting one another in D, touch or cut, or one oiF them 
touch and the other cut an hyperbola or opposite hy^- 
perbolas ; and if &K be parallel to D F and G H, meet- 
ing it in G, be parallel to D E, and if G K, G H each 
touch or cut, or one of them touch and the other cut 
a conjugate hyperbola or hyperbolas; the square of 
I) F, if a tangent, or the rectangle under its segments, 
if a secant, will be to the square of D E, if a tangent, 
or the rectangle under its segments, if a secant> as the 
square of GK, if a tangent, or the rectangle under its 
segments, if a secant, to the square oJF G H, if a 
tangent, or the rectangle under its segments, if a 
secant. 

For let C B be a semicfiameter parallel to D F, and 
C A a semidiameter parallel to D £, and then, by ar- 
ticles 194, 68, 

t. D F or s. D F' : t. D E* or s, D E' : : CB* : C A% 
and 
t. GK» or s. G K' : t. GH* or«. GH' : ; CB* : CA*. 
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Hence (ii. v.) t,DF*ors. DF' : t.DE*or8. DE' book 
t. GK* or 9. GK' : t. GH* or s. GH^ *"• 



r: 



198. If from the vertices (F, I) of two conjugate FibOP 
diameters (F G, I H) of an ellipse (A D B E) or hyper- ^^^9^ 
bola (B F) straight lines (F K, I L) be drawn to a third 
diameter (A B) and parallel to its ordinates, in the el- 
lipse the sum of the squares of the segmetits (C K, 

C L) between the center (C) and points of concourse 
will be equal to the square of half the third diameter 
(C B or C A) ; but in the hyperbola the difference of 
the squares of the segments (C K, C L) will be equal 
to the square of half the third diameter. 

For let D E be the diameter conjugate to A B, and 
let the straight line M N^ touching the section in F, 
meet A B in N and D E m M. Then, by article 66^ 
F K, I L are parallel to D E3 and M N is parallel to 
I H- Hence 

(2. vi.) FN : FM : : KN : KG, and therefore, 

(22. vi.) FN* : K N* : : F NxF M : KN x KG, 

ic{4.&c22.n.) FN* : KN* : : C P : CL*, Hence, 
(II. V.) C P : C L* : : FNxFM : KNxKC. 

But by article 84, CP=FNxFM, and therefore 
C L*=K N X K C= A K X K B, by article 79. Hence 
in the empseCL*+CK*=AKxKB + CK*=(5.ii.) 
CB*: but in the hyperbola, CK*-CL*=GK*- 
AKxKB=(6.ii.) CB*. 

199. The rest remaining as in the last article, let 
F Q, I P be drawn parallel to A B, and let them meet 
D E in Q, P, and then, Q K, L P w'dl be parallelo- 
grann» ; and, by article 48, 

FPtDPxPE :: A KxKB : FK*=:CQ*. 
But (34. i.) P I = C L, and therefore, by the last article, 
P P=C L*i5:AKx K B,and consequendy, (i4,vO CQ* 
5=DPxPE. Hence, in the ellipse, CP*+CQ*= CP'+ 

o 2 
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BOOK D PxPE=(5. li.) CE'=CD*; but in the hyperbola 
"^- CP*-CQ"=CP*-DPxPE=(6.ii.) CD^=CE^ 



PROP. 200. In an ellipse the sum of the squares of any two 

Kg. 83/84. conjugate diameters is equal to the sum of the squares 

of the axes ; but in an hyperbola the difference of the 

squares of any two conjugate diameters is equal to the 

difference of the squares of the axes. 

For the rest remaining, as in the last two articles, 
let A B^ D E be the axes, and then the angles at K, L, 
Q, P will be each a right one. Hence, in the ellipse, 
as by article 198, 

CB*=CK* + CL*, and, 
by the last article, CD*=K F* + L P, 
CB*+CD*=CKVKF*+CL* + LP=(47.i.)CF*+ 
CP. Consequently (4. ii.) AB*+DE*=GF^ + HP. 
In the hyperbola, by article 198, 

CB*=CK*-.CL%and 
by the last article, CD*=C F-CQ*, and therefore, 
CB"-CD*=CK*-CL*-CP*+Ce*=CK*+CQ*- 
(CL*+CP^) = (34. and 47. L) CF*-CP. Conse- 
quently A B'-D £*= (4. ii.j G F*-H P. 
PROP. XX. jjoi, A quadrilateral figure (MQTN) whose sides 
Fig. 85, 86.p^gg through the vertices (P, F, G, R) of any two con- 
jugate diameters (P G, F R) of an ellipse (A D B E), or 
conjugate hyperbolas (A, D, B, E), and touch the el- 
lipse or hyperbolas^ is a parallelogram, and is equal to 
the rectangle under the axes (A B, D E) of the ellipse 
or hyperbolas. 

From C the center let C K be drawn perpendicular 
to M Q. By article 66, M Q, R F, N T are parallel to 
one another, and M N, P G, Q T are also parallel to 
one another. The quadrilateral figure M Q T N is 
therefore a parallelogram ; and, as R F, P G are each 
bisected in C, ^he center, the parallelograms M C, 
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Q C, T C, N C (36. i.) are equal, and therefore each BOOK 
of them is one fourth of M Q T N. As C K is at right "^' 
angles to M Q, and as M Q, R F are parallel, C K 
(29. i.) is also at right angles to R C ; and therefore, 
the rectangle under C K, C R (35. i.) is equal to the 
parallelogram M C. But, by article 112, 

C K : C B : : C D : C R, and therefore, 
(16. VI.) CKxCR=CBxCD,and4CKxC R=the 
parallelogram MQTN=4 CB x CD=AB xDE. 

202. All parallelograms contained under tangents, 
passing through vertices of conjugate diameters of an 
eUipse, or conjugate hyperbolas, are equal to one an- 
other, and each of them is equal to the rectangle under 
the axes. 

The twelfth Lemma of Sir Isaac Newton^s Principia, 
Lib. L and the tenth Proposition, depending upon it, 
are evident from the above. 

203. If from C the center of the hyperbola M N Q Fig. 77* 
any tvsro semitransverse diameters C N, C Q be drawn 

to the curve, the figure C N Q, bounded by the semi- 
diameters and the curve N Q, is called a Hyperbolic 
Sector. 

204. If C R, C G be the asymptotes of the hyper- 
bola M N Q, and from any two points N, Q in the 
curve, straight lines N B, Q A parallel to the asymp- 
tote C R be drawn to the other asymptote C G, the 
figure ABNQ, bbunded by thCvStraight lines NB, 
BA, AQ and the curve NQ, is called a Hyperbolic 
Trapezium. 

205. A hyperbolic sector CNQ and trapezium 
ABNQ upon the same portion of the curve are equal. 
For let CN cut AQ in P, and then, as by article 186, the 
triangles C AQ, C BN are equal, the rectilineal trape- 
zium A B N P is equal to the triangle C P Q. To these 
equals add the figure P N Q, and then the hyperbolic ^ 

^3 
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BOOK sector CNQ is equal to the hyperbolic trapezium 
_i!!_ABNQ. 



2,06. Any segment as CA, intercepted between C 
the center and A a point in either asymptote, is called 
an Asymptotic Segment, and the point A is called its 
extremity. 

207. Any straight line drawn from the curve of an 
hyperbola^ parallel to one asymptote, and meeting the 
other, is called an Asymptotic Secant, 
PROP. ao8. If from the points (Q, M) in which a straight line 
iS^V. (M Q) ^^^> ^"^ t^® point (N) in which a straight line 
(GR) parallel to it touches an hyperbola (MNQ), 
straight lines (MD, QA, NB) parallel to one of the 
asymptotes (CT) be drawn to the other (CX), they 
will cut off from the center proportional asymptotic 
segments (C A, C B, CD); and, conversely, if from 
the extremities of three proportional asymptotic seg- 
ments (CA, CB, CD) straight lines (AQ, BN, 
D M) parallel to the other asymptote be drawn to the 
curve of the l^yperbola, the straight line (M Q) join- 
ing the extreme points in the curve will be parallel to 
the tangent (G R) passing through the middle point in 
the curve. 

Part I. Let the secant M Q meet the asymptotes in 
H, K, and let the tangent meet them in G, R. Then, 
on account of the parallel lines, 
(10. vi.) HM:HD :: KQ: CA, 

and GN :GB :; RN:CB. 

But, by article 179, H M is equal to K Q, and G N 
to RN, and therefore (14. v.) H D is equal to C A, and 
GB to C B. Consequently, (7. v. and 4. vi.) 

C A : C B : I H D : B G : : D M : B N, and 
by article 184. DM : B N : : C B : CD. 
Hence (n. vO C A z C B : : CB : CD. 

Part II. Every thing bting^ as already stated, with 
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respect to the parallelism of the lines, and the points in BOOK 
which they meet the curve and the asymptotes, it may ' 

be demonstrated, a^ in the preceding part, that C A is . 
equal to D H, and C B to B G. Consequently, on ac- 
count of this equality, 

CA: CB : : HD : B G. But, 
by hypothesis, C A : C B : : C B : C D, and 
by article 184, C B : C D : : DM : B N. Conse- 
quently, (It. V.) HD : B G : : DM : B N, and 
by alternation, HD : DM : : B G : B N. 

Hence, as D M, B N are parallel, the angles (6. vi.) 
D H M, B G N are equal, and (29. i.) H K, G R are 
parallel. 

209. The rest remaining, if the secant LF be paral- 
lel to MQ, and consequently to GR, and FE, LO 
parallel to CT be drawn to 'CX; then, by Part I. in 
the last article, (and 17. vi.) CExCO = CB*:s= 
e A X C D, and therefore (16. vi.) C E : C A : : 
C D : C O. 

And conversely, the rest remaining as in the last ar- 
ticle, if from the extremities F, L of the secant FL 
straight lines F E, L O parallel to C T be drawn to 
C X, and the hypothesis be C E : C A : : C D : C O, 
then L F will be parallel to M Q. For (16. vi.) C E x 
C 0= C A X C D ss^C B* ; and it may be proved, as in 
the second part of the last article, that L F is parallel 
to G R, and consequently (30. i.) to MQ. 

^10. If from the extremities (E, A, D, O) of four pro- prop. 
portional asymptotic segments (CE, CA, CD, CO), ^^• 
asymptotic secants (E F, A Q, DM, O L), be drawn to 
the curve of the hyperbola (M N Q)^ the hyperbolic 
trapezium (EAQF), ibetween the first and second 
secatit, will be equal to the hyperbc^c trapezium 
(D O LM) berween the third and fourth. 

.0 4 
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BOOK For M Q, LF being drawn, they will be parallel, by 
^"' article jzop. Draw C L, C M, C Q, C F. Let C V be 
the diameter to which the parallels M Q, L F are 
double ordinates, and let it meet M Q in T, and L F in 
V. Then (38. i.) the triangle C L.V is equal to the tri- 
angle C F V, and the triangle C M T is equal to the 
triangle C Q T ; and as the diameter C V bisects all 
straight lines parallel to M Q and terminated by the 
curve, the space T M L V is equal to the space T Q F V. 
Consequently (axiom 3. i.) the hyperbolic sector C FQ 
is equal to the hyperbolic sector CML; and there- 
fore, by article 205, the hyperbolic trapezia E A Q F, 
D O L M are equal. 

an. The rest remaining as above, let CA, CB, 
CD, C X, &c. be a series of asymptotic segments in 
geometrical progression, and let the asymptotic secants 
AQ, B N, DM, X Y, 8cc. be drawn to the curve; the 
hyperbolic trapezia A B N Q, A D M Q, A X Y Q, &c. 
are in arithmetical progression. 

For let G R touch the hyperbola in N, and then, by 
article 208, it is parallel to M Q. Let the diameter 
CT pass through N, and then, by articles 61, 63, it 
bisects MQ in T3 and (38. i.) the triangles CTQ, 
C T M are equal. And as C T bisects every straight 
line parallel to M Q, and terminated by the curve, the 
space N M T is equal to the space N Q T. Conse- 
quently (axiom 3. i.) the hyperbolic sectors CNQ, 
C N M are equal ; and therefore, by article 205, the 
hyperbolic trapezia ABNQ, BDMNare equal. As, 
by hypothesis, C B is to C D as C D to C X, it may 
be proved, in the same way, that the hyperbolic tra- 
pezia BDMN, DXYM aae equal ; and the same 
mode of proof may be extended to any number of 
terms. Consequently the hyperbolic trapezia A B N Qt 
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ADMQ, AXYQ, &c. are in arithmetical pro- BOOK 
gression *. ^^^' 



a 1 12. If a circle (AFBG) be described about the PROP, 
transverse axis (A B) of an ellipse (A D B E) as a dia- jri* gy| 
meter, the area of the circle will be to that of the el- 
lipse as the transverse to (D E) the conjugate axis. 

Let C be their common center, and let D E pro- 
duced meet t]be circumference of the circle in F, G. 
Let a straight line of indefinite length be supposed to 
move with one of its extremities P in A C from A to- 
wards C, and during this motion let it be always per- 
pendicular to AB, and let it cut the circumference of 
the circle in K and the curve of the ellipse in L. Then, 
by article 117, C F : C D : : P K : P L, and as the su- 
perficies passed over by P K, P L, must be to one an- 
other in the same proportion, the area A P K A : the 
area APLA :: CF:CD. Consequently, when the 
moving line arrives at CF and coincides with it, 

the area AGFA : the area A C D A : : CF : CD. 
But the area AGFA is one fourth of the circle, and 
the area A CD A is one fourth of the ellipse, and 
therefore (15. v.) the circle AFBG: the ellipse 
ADBE :: CF; CD :: AB :DE. 

^13. An ellipse is equal to a circle, whose diameter 
is a mean proportional between its axes. For the rest 

* As the hyperbola and its asymptotes may be indefinitely extended, i% 
is evident that a series of asymptotic segments in geometrical progres- 
sion, and a corresponding series of hyperbolic trapezia in arithmetical 
progression, may be continued to any assigned number of terms. From 
the nature of logarithms, therefore, the series of asymptotic segments 
C A, C B, CD, &c. as above, is analogous to a series of natural nuni- 
bers in geometrical progression, and the series of hyperbolic trapezia 
A B N Q, A D M Q, &c. as above, is analogous to the logarithms of these 
natural numbers. To enter into an explanation of these analogies would 
be incompatible with the design of this work. It would also be needless, 
as books on the subject are well known, and in common use. 
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1 

I BOOK remaining, let MN be a mean proportional between 

^^^' A B, D E, and let it be the diameter of the circle 



I 



Fig. 87, 88. M HN. Then, by article aia, (and i. vi.) the circle 
A FB G : the ellipse A D B E : : AB : D E : : A B* : 
A B xD E=M N*, (by 17. vi.) ; and therefore (z. xii.) 
the circle A F B G : ellipse A D B £ 2 : the circle 
A F B G : the circle MHN, and (14. v.) the ellipse 
A D B E is equal to the circle MHN. 
;' 2 14* From the last article (and 3. xii.) it is evident^ 

\ that the areas of two ellipses are to one another as the 

rectangles under their axes. 

The Cor. to Prop. XIV. Lib. I. of the Principia de- 
pends, in a great degree, upon this truth. 

215. If T, t denote the transverse axes of two el- 
lipses; and C, c their conjugate axes, then, by the last 
article, the one ellipse : the other eHipse : : TxC : 
txc; and therefore, if T be equal to -If, they are to one 
another (cor. i. vi.) as C to c; but if C, c be equal, 
they are to one another as T to t. 
PROP. a 1 6. A triangle (F K L) contained under a double or- 
f^g' dinate (K L to B H) in a parabola (K B L) and tangents 
(F K, F L) passing through its extremities, is to the pa- 
rabolic area, contained by the curve (K. B L) and the 
double ordinate, as 5 to 2. 

For let G I be a tangent to the parabola at B the 
vertex of the diameter B H. Let it be supposed that a 
^raight line of indefinite length moves with one of its 
*'' extremities in B H, from B towards H; that during 

this motion it is always parallel to G I, and cuts the 
curve in K, and that a straight line K F accompanying 
JC H is always a tangent to the curve at K and meets 
the diameter HB in F. Now, by these motions of 
K H, K F, the triangle K H F is increased on the one 
side of B by the motion of K H, and on the other by 
the motion of K F } for, by artide I4iz, B H, B F are 
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always equal to one another; but the parabolic area BOOK 
B K H B is increased by the motion of K H only. It "^' 
therefore follows, that the velocity with which the tri- 
angle K H F increases is to the velocity, with which 
the parabolic area B K H B increases as the sum of the 
two velocities by which the triangle F K H increases, 
to the single velocity by which the parabolic area 
B K H B increases. Now, supposing K H to increase 
its distance at any time from B by an indefinitely small 
space, F will increase its distance from B by an inde- 
finitely small and equal space, by article 142. But the 
space passed over by K H, being indefinitely small, is 
as a parallelogram, while the space passed over by the 
tangent K F is as a triangle, of the same altitude with 
the parallelogram. The increase, therefore, (41. i. and 
cor. I . vi.) by the moving tangent K F ^ to the increase 
by the moving ordinate K H as i to a. Consequently, 
the triangle FKH is always to the parabolic area 
BKHBas3toa. 

If the ordinate K H produced always meet the curve 
again in L, and if the tangent L I always accompany 
this extremity, by article 143, this tangent will always 
meet the other in F ; and, for the same reasons as 
above, the triangle F L H will always be to the para- 
bolic area B L H B as 3 to a. Hence 3 : a : : the tri- 
angle F K H : the area B K H B : : the triangle F L H : 
the area BLHB, and therefore (12. v.) the triangle 
F K L : the parabolic area K B L K : : 3 : a. 

1^17. Let GI meet the tangents FK, FL in G, I 
and die diameters K M, L N in M, N. Then, by ar- 
ticles 66j iiji, H M is a parallelogram, and (34. i.) 
KM=H B=B F, by article 14a. The angles K M G, 
MGK (49, and 15. i.) are also equal to the an^es 
F BG, BG F, and therefore, (a6. i.) M G is equal to 
G Bf and (4. i*) the triangles MGK, B G F are equal. 
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BOOK In the same way it may be proved that the triangles 
^^^' N I L, B I F are equal, and therefore the parallelogram 



MKLN circumscribed about the parabolic segment 
K B L is equal to the triangle K F L. Hence, by the 
last article, the circumscribed parallelogram is to the 
parabolic segment as 3 to 2, and therefore the parabo- 
lic segment K B L is two thirds of the circumscribed 
parallelogram K M N L. 

218. As, by articles 216, a 17, the parabolic area 

H B L H is two thirds of the parallelogram H N, the 

curWlinear area BLNB is one third of HN; and the 

straight line B L being drawn, the triangle (34. i.) 

a HN HN 
H B L is one half of H N. Hence, = 

4HN-3HN HN , ^ J u u 

^ -^ = —^— =s the area contained by the 

00 

straight line B L and the curve B L, and therefore this 
area is equal to half the area contained by the straight 
lines B N, N L and the curve B L. This curvilinear 
area B N L therefore is equal to two thirds of the tri- 
angle B N L, and the parabolic segment contained by 
the straight line B L and the curve B L is one third of 
the same triangle. See the Principia, Cor. 5. Lem- 
ma XI. 

219. The Curvature of a conic section^ at any point , 
19 the angle contained by the curve and a tangent to it 
at that point. 

1^g^9o. 220. Lemma. The curvatures of any two circles 
(B D G, B F H) are inversely as their diameters. 

For let one touch the other internally at B, and 
let the straight line ABC be a common tangent to 
them at that point. Let the straight line B K be at 
right angles to A C and let it cut the circle B F H in 
H and B D G in K, and then (19. iii.) B H, B K are 
the diameters. In the tangent let any point C be 
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taken, and let a straight line C G be drawn cutting the BOOK 
outer circle in D, G, and the inner in E, F, and then ' _ 



(36. iii.) GCxCD=BC*=FCxCE; and therefore, 

GC: FC :: CE:CD. 

Let it now be supposed that a straight line of inde- 
finite length moves with one of its extremities in C B 
from C towards B ; that it is always parallel to C G, 
and cuts the outer circle in M and the inner in L, and 
then, as in the preceding proportion, M B will be to 
L B as its segment between the tangent and the inner 
circle, to its segment between the tangent and the outer 
circle, for these segments are analogous to C E, C D. 
Now, when the extremity of the moving line in C B 
fells into B, the segments analogous to C E, C D no 
longer exist, but their ratio with which they sunk into 
B is still that of B M to B L, and this ratio expresses 
the ratio of the magnitudes of the angles E B C, D B C, 
or that of the curvatures of the circles. 

Let LH, MK be drawn, and then, as the angle 
M B K is common to the two triangles M B K, L B H, 
and as each of the angles B M K, BLH, (3^. iii.) is a 
right one, MB:BL::KB:BH:: the curvature of 
B E F : the curvature of B D G. 

a2i. Scholium. As every point in the circumference 
of a circle is equally distant from the center, its curva- 
ture, or the deflection of the circumference from a tan- 
gent, is the same for every point in the circumference ; ' 
but this is not the case in any one of the three conic 
sections. In each of them the curvature is evidently 
the greatest at a vertex of the focal axis. Proceeding 
from this point round an ellipse, the curvature conti- 
nually decreases to a vertex of the conjugate axis. It 
then increases to the next vertex of the transverse axis ; 
and a similar variation takes place in the other half of 
the ellipdcal curve. In an hyperbola and parabola the 
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BOOK curvature continually decreases as a point moving in 
^^- the curve increases its distance, on either side, from the 
vertex of a focal axis. Throughout all this variation, 
however, a circle of corresponding curvature may be 
obtained; for, by the last article, the curvature of a 
circle decreases as its diameter increases, and conse- 
quently, it is only necessary to regulate the magnitude 
of the circle by the properties of the section with refer- 
ence to the point at v^hich the curvature is estimated. 
PROP. aaa. Liet E B F be a conic section, and A, B> C 
Fig^ ' three points in the curve, and through A, B, C let the 
circle A fi C D be described ; then, if the extreme 
points, A C continually approach to B, and ultimately 
fall into k, the circle A BCD will ultimately have 
the same curvature with the section at B, or be the 
Osctdaiing Circle for that pcnnt. 

N For as only one circle can pass through the three 
points (lo. iii.)) and as A, C continually approach to 
By and ultimately fall into it, it is evident that no circle 
can be drawn through B so as to pass between the 
curve £ B F and the circle A B C D. 

It is manifest from the above^ that the curve and 
circle may have the same tangent in the point B* 
PROP. Z^3. An osculating circle (PEL) to any pomt (P) 

Ft«Q2^ Q^ in a conic section (P G), will cut oflF from the diame- 
94- ter (P H) of the section passing through that point, a 
segment (P L) equal to its parameter. 

Fig. 93, 93. First, let the section P G be an ellipse or hyperbola 
of which C is the center. Let the strfught line P T be 
the common tangent to the section and circle in the 
point P, and let the straight line T F parallel to P H 
meet the tangent in T, the ellipse or opposite hyper- 
bolas in G, F and the circle in D, £• Let the diame- 
ter C B be parallel to P T. Then, by article 68, 
CP^ : CB* i: FTxTG : PT* or (36. vL) its equal 
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E TxT D. But if T F be alway parallel to P H, and book 

move towards it and ultimately fall into it, when T falls ^^^' 

into P, E into L, and F into H, it is evident, fronj article 

2,2,2, that TG, TD must be equal. The above proportion, 

therefore, (cor. i. vi.) then becomes C P* : CB* : : P H 

2 CB* 
or 11 C P : P L, and P L= ^ ^ > Again,, by article 7a, 

2 C B* 
2CP:2CB::iiCB: ^ = the parameter of 

P H, and therefore P L is^ equal to the parameter of 
PH. 

Secon<fiy, let the section P G be a parabola^ and let Fig. 94. 
the straight line P T be the common tangent to the pa^ 
rabola aiid circle in the point P, and let the straight 
Hne X be equal to the parameter of P H. Let the 
straight line T £ parallel to P H, meet the tangent in 
T, the curve of the parabola in G and the circle in 
D, E. Then, by article 139, G T X X = P T* = (36. iii.) 
ETxtD. Bat if TE be always paraDel to P H, and 
move up to it, when T falls into P, and E into L, it is 
evident, from article 25iJZ, that GT, TD must be equal 
to one another. The above equation, therefore, then 
becomes X=PL, the parameter of the diameter P H. 

224. The rest remainix^ in each of the three ^ec- Fig. 93, 93^ 
tions, if the straight Kne L N^ at right angles to P L, ^^' 
and the straight line PN at right angles to PT, meet 
in the point N, P N will be the diameter of the oscu- 
lating circle at P. For PN (19. iii.) must pass through 
the center, and (31. iii.) the straight line drawn from 
L to the other extremity of the diameter must contain 
a right angle with P L. 

a»5. If through Oj the £dcu$ of the parabola, the Fig. 94. 
stra^ht line P R be drawn, and meet the circle of cur- 
vature agwn in R, P R will be equal to P L, the para- 
meter of the diameter P H. 
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BOOK For let O V be parallel to T P and meet P H in V. 
^ ' Then, by article 171, P V is equal to P O ; and, by ar- 
ticle i!»7, PLxPV=PRxPO. Consequently P R = 
PL. 

226, The chord of curvature P R, passing through 
the focus, for any point P in the parabola, varies as 
P O the distance from the focus. For, by the last ar- 
ticle, P R is equal to the parameter, and therefore, by 
article 168, equal to four times PO. 
Rg. 9*> 93- 227. The rest remaining, in the ellipse and hyperbola, if 
the straight line P R, drawn through the focus O, meet 
the circle again in R, and C A be the semitransverse 
axis, then P R will be to the diameter C B as the semi- 
diameter C B to C A. For, as in the demonstration of 
article ^23, a C B*=C Px PL=PKx PR, by article 
127. But, by article 108, PK=CA, and dierefore 
CAxPR = iiCB^ and consequently PR: ijCB :: 
CB:CA. 

3^8. By the last article (and 16. vi.) the chord of 
curvature P R passing through the focus, for any point 
P in the curve of an ellipse or hyperbola, varies as 

? or as C B% for j=^-t is a constant quantity. 
Cy A C/ A 

229. Let PN, the diameter of the circle of curva- 
ture, or PN produced, meet CB in Q, and then, by 

article 127, C P X P L=P Q x P N. But P L=5^^» 

and therefore P Q x P N=2 C B^ and PN=5^^*- 

Again, as C B is parallel to P T, and P N perpendi- 
cular to P T, P Q is equal to a perpendicular let fall 
from C on PT, and therefore, by article 112, if CM 
be the semiconjugate axis, PQ:AC:: CM:CB, and 

(16. vi.) PQxCB=ACxCM, orPQ= ^^^ • 
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^ CB aCB* BOOK 

Consequently PN=:^ CB^x r7T;;:^-M=X7TTnM' ^"- 

According to this expression, the diameter of the circle 
of curvature varies as C B^, for ^-j:^ — tttT? is a con- 
stant quantity; and, according to the former ex- 
pression y the same diameter of curvature varies 

2130. If in each of the sections I be the point in 
which P N meets the focal axis, P N the diameter of 
the circle of curvature will vary as P P, the cube of 
the normal. 

For first, in the eUipse and hyperbola, by article 112, Tig. 92, 93. 

^^ CAxCM . , . ^„ aCA^xCM^ 
CJB=5 5-^ , and therefore a CB*= p^^ . 

a C B* 
But, as in article 229, PN= p^ j and therefore 

2 C A* X C M* 
PN= 5-;^- . Again, by article 109, PIx 

PQ=rCM^and therefore PQ=^^, and PQ^ = 

C M* P P 

-^5^=^ . Consequently PN=2CA*xCM*x fttti = 

aCA^xPP , 2CA^ . 

Qjjj4 ^ and, as -qjJjT *s a constant quantity, 

P N varies as P P. 

In the parabola, let O S be perpendicular to the tan- Fig. 94. 
gent PT, and let N R be drawn. Then, O S, N P are 
parallel, each being perpendicular to the tangent, and 
therefore (29. i.) the angles SOP, R P N are equal, 
and each of the angles at S and R (3i, iii.) is a right 
one, and 

SO: PO :: P R or 4 P O ; PN=i^'' 

u 
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SO* 4. S O* 

^«9^ But P0=-T7-=^-= — , by article 160, and pqtting 

IIL ^-^ •L' 

Lsthe paraaeter of the axis. Hence P N=-^=-5 — x- 

c7) ^"T"2 — • Agjun, 2 S 0=aP I, as is evident from 

article 168, and therefore 8 S O^ = P P, and P N ss 

8 PP 8 

^ J , and therefore^ as sr^ is a constant quantity^ P N 

varies as P P^ 
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331. If a Straight line (PY) touch a conic section APPEN- 
^AP), and from the point of contact (P) two straight ^^^1 
lines (P F, P V) be drawn, one of them (P V) through PROP. I. 
a focus (S), the other (PF) at right an^es to the tan- *^«-9S.96. 
^nt, and -cutting the focal axis in (I), a straight line 
(I G) drawn through the extremity of the normal in the 
axis, at right angles to the Tine through the focus, will 
€ut off from it a segment {PG) equal to half the prin- 
cipal parameter. 

First, let the section be an ellipse or hyperbola. Let Fig. 95, 96. 
A B be the transverse, and D E the conjugate axb, C 
being the x^enter. Let H L be the diameter parallel to 
the tangent, and let it meet P S in K, and let S Y be 
perpendicular to the tangent. Then, as S Y, F P are 
at right angles to the tangent, they are parallel ; and 
therefore (29. i.) the angles Y S P, G PI are equal, and 
the angles at G and Y are equal, each of them being a 
a right one. Hence, 

<4.vi.) SY:SP:: PG: PI :: P F : P«:, or its equal 
CA, by article 108. Consequently, 
PGxCA=PIxPF=CD*, byarticlei095 forPFis 
«qual to a straight line drawn from C to the tangent, 
and at right angles to it. It therefore follows that 
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APPEN- C A : C D : : C D : P Gj and therefore, by article 72, 
Dix. p G }g equal to half the parameter of A B. 



I^f • 97* Secondly, let the section be a parabola, and let the 
tangent meet the axis A I in E, and let S Y be perpen- 
dicular to the tangent. Then it is evident, from ar- 
ticle 168, that IPsraSY, and the triangles YSP, 
G P I being equiangular, 

S Y : P S : : G P : P I or a S Y. But byarticle 160, 

c Y* 
A S : S Y : : S Y : S P/ and therefore S P=Xs • 

S Y* 
Consequently, S Y : -r-^ : : PG : a S Y, and a S Y*= 

A {> 

S Y*xP G 

' — T-^ — , and therefore P G=a A S =half the para- 

meter of the axis, by article 14,6. 

232. If from a point P in which a strdght line P Y 
(oupb^s a conic section, a straight line as P V be drawp 
through a focus, and a segment P G be taken in it 
equal to half the principal parameter, a perpendicular 
G I to P V and a perpendicular P F to P Y will meet in 
the same point in the foca} axis» This is evident from 
the last article. 

5^3. In each of the three sections, the pube of thp 
normal P I, divided by the radius of the circle of curva^ 
ture, is equal to the square of half the principal para^- 
m^ter. 

For, by article 230, in the ellipse and hyperbola, the 

C A* X P P 

radius of curvature is equal to — ^ , and PP be- 

ing divided by this v^ue of the radius, the quotient is 

CD*. CD* 

-=-^, which is the squafe of -^y^szPGj by article 

In the parabola, by article 230, the radius of ci)i:v^- 
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4 P P 

ture is equal to ^ -^ and PP being divided by thig APP£N. 

L* r 

value of the radius, the quotient is — . 

234. The rest remaining, as in the last three ar- PROP. il. 
ticlesi let Q be a point in the -curve indefinitely near ^'^^* ^^' 
to P, and let Q R be drawn parallel to P S and 

meet the tangent in R, and let P V be Ae chord of 

Q P^ 
curvature passing through S« Then, PVss^rr^ ; for, 

by article 129, if P Y touch a circle in P, and the cir- 
cumference pass tliroi:^ Q, the chord of the circle pass- 

OP* 

ing through S will be equal to ytw considering QP as 

a straight line. Supposing, therefore, the point Q to 
move up to P, and Q R always to be parallel to P S, 
the circle passing through P, Q and touching P Y, will 
be the circle of curvature, and V will be the point in 
which P S produced again meets the circle, 

235. The rest remaining as in the last article, let PROP. ill. 
QT be perpendicular to PS, and then, when Q moves 

OT* . 

up to P, ^ - will fee equal to the principal parame- 

ter L. 

For, Q being indefinitely near to P, the angle Q P T 
is the same with the angle Y P S, and therefore {4. and 

aa.viO PS^ : S Y^ :: QP^ '^^'''O^' UW' ^'''^ 

OP* . 

by the last article X^ = P V. But, ia the ellipse and 

2CL* 
hyperbola, by article 227, PV= r^ .\ 9 and therefore, 

in these two sections, 

p S» : S Y^ : : ^^^^ : %^. Again, by article iii, 

C A Q R ^ y 

<and 22. yi.) P S* : S Y* : ; C L* : CD*, and therefore 

H4 
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APPEN. (II. V.) C L* : CD* : : %^ : %^ . Consequenay, 

'QT^ aCD * - 

QR "" "cX " ^' 

OP* 

In the parabola, by article i68, P V=4 P S= g-^, and 

QT* 

therefore, by the above, P S* : S Y* : : 4 P S : g^* 

QT* 
Hence PS : S Y* : : 4 : ;;r-^ ; but, by article 160, 

P S = ^T= — , and therefore, 
4SY* ^^, QT*_T 

Fig.9S. ^36. Lemma, If from the point A in the straight 
line C B, a point P move from rest at A, and proceed to- 
wards B with a velocity imiformly accelerated, and if at 
the commencement of this motion a point D begin to 
move from A towards C, and proceed with a velocity 
equally retarded as that of P is accelerated^ the whole 
space P D will be generated with a imiform velocity, till 
D arrives at a state of rest. 

For the sum of the velocities of P and D will be the 
same at every instant during the description of the 
space PD, as the decrease in the velocity of D is made 
up by an equal increase in the velocity of P. 

^37. If B, C be the points at which P, D arrive 
when the velocity, and consequently the motion of D, is 
entirely destroyed, the spaces AB, A C are equal. 

For if D now begin to move from rest at C, and pro- 
ceed towards A with a velocity exactly the converse of 
that with which it moved from A to C, it will move 
back to A with this converse velocity in the same time 
that it before moved from A to C 5 and it is evident that 
this converse velocity of D, and that with which P 
moved from A to B, will always be equal at equal dis- 
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tances from C and A. The spaces A B, A C will there- APPEN- 
fore be equal. ^^^' 

238. If a body move from rest, and proceed in a . 
straight line with a velocity uniformly accelerated^ the 
space passed over in a given time will be equal to half 
the space it would pass over^ in the same time^ with the 
last acquired velocity continued uniform. 

This is evident from the last two articles. For the 
acquired velocity of P when it arrives at B is that with 
which the space C B is uniformly described in the time 
that P moves from A to B ; and by the last article A B 
is half C B. 

239. Lemma. If S^ 5 denote two spaces passed over 
by bodies moved from rest, and proceeding by the ac- 
tion of uniform forces with velocities uniformly accele- 
Tated, and if T, t denote the times during which they 
continue to move, and V, v represent the velocities ac- 
quired, then, by the last article and Mechanics, 

aS : 25 : : TV : /v, 

or S : 5 : : TV : tv. But again, by Mechanics, 

V : V : : FxT:/x /, and therefore 

S : 5 : : FxT*:/x/*. 

S s 
Consequently F : / : : -= '• -jr » ^^ *^® ^^^^^ ^^ ^^ ^^ 

space moved over divided by the square of the time. 

The preceding articles enable us to investigate the 
law under which a force attracting to a fixed center, 
combined with one acting in the direction of a tangent, 
causes a body to move in the curve of a conic section* 
The three articles immediately following are here in- 
serted, on a supposition that they may illustrate some 
propositions in the second and third Sections of the 
Principia. 

240. Let the body P revolve in the ellipse A PB, and Rg. 99. 
let the law of centripetal force tending to C the center 
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APPfiN- be required. Let A B be the transverse axis, and C D 
Dix. ^Yie semiconjugate ; let PR touch the ellipse, and let 
the diameter L H be parallel to it, and consequently the 
conjugate diameter to PC; let P F be perpendicular 
to the tangent, and therefore (29. i.) at right angles to 
L H ; let Q be a point in the curve indefinitely near to 
P, and let Q R, parallel to P C, be drawn to the tan- 
gent-. Let P V, in P C produced, be the chord of cur- 
vature for the point P. Then in this case Q R is equal 
to S in the last article, being the space over which the 
central force causes a body to deviate from the tan^ 
gent ; and C P^ x Q T* = the square of the time ; conse- 

O R 

quently, the centripetal force = Jf . But as L H> 

P R are parallel, the angles R P T, or, as Q is indefinitely- 
near to P, Q P T, P C F, (119. i.) are equal ; and as the 
angles at F and T are right ones (4. and z%. vi.) , 
CP*: PF^:: PQ*: QT», 
and CP*xQT*=PPxPQ^ Agdn, 

P Q* 2 C L* 
as in articles 234, 235, PV = -^^= ^^ , and 

P Q* X C P 

therefore QR= ^ — . The centripetal force is 

therefore, by substitution, = — -^^-x p|^pQ2 

C P C P 

=3CL'xPF^ = gCA'xCD- ^y article I la. Con- 

sequently, as ^ — ci^^ *^ ^ constant quantity, the 

centripetal force is as the distance of the revolving body 
from the center, 

'Figr-95>96« ?4^* ^^ * body P move in an ellipse or hyperbola 
A P, and let the centripetal force tending to the focus S 
of the section be required. Let A B be the transverse, 
and D E the conjugate axis. Let P Y touch the sec- 
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tion^ and let LH be the diameter parallel to It. Let APPENv 
S y be perpendicular to the tangent, and let P S passing ' ^ 

through the focus meet HL in K, and let the seg- 
ment P V be the chord of curvature. Let Q be a point 
in the curve indefinitely near to P, and let Q T be per* 
pendicular to S P^ and let Q R parallel to S P be drawn 
to the tangent. Then, for the same reasons as in the 

QR 
last article, the centripetal force s= -^-^ — or*' •^"*> 

QT* 
by article 235, ^-g- 5= L the principal parameter, and 

therefore the centripetal force = -^^^ — 1=- ; and as L is 

s constant quantity, the centripetal force is inversely as 
the square of the distance of the revolving body from 
the focus. 

242. Let a body P move in the curve of a parabola Fig. 97. 
A P, and let the law of centripetal force tending to 
the focus S be required. Let P S be drawn through 
the focus, and Q being a point indefinitely near to P, 
let QT be drawn to it at right angles, and let QR 
be parallel to S P. Then, for the same reasons as in ar- 

QR 

tide 240, the centripetal force = ^-55 — Tpfx' But, by 

QT* 
article ^SSfnTo ~ ^ *^® principal parameter, and 

therefore the centripetal force = .r-pr; — —^ ; and as L is 

IT S P* X T^ 

-a C9nstant quantity, the centripetal force is inversely as 

the square of the distance of the revolving body from 

the focus. 

H3» If from the vertex (A) of the diameter (A B) of prop. iv. 

a parabola, a straight line (A D) be drawn to the ex- ^'^* *°®' 

tremity (D) of an ordinate (D B) to the diameter, and 
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APPEN- a diameter (K F) be drawn bisecting it (In I,) the ab- 
p sciss (F I) of this last mentioned diameter wiU be one 

fourth of (A B) the first mentioned absciss. 

For let a tangent D £ meet the diameter A B in E^ 
and the diameter K F in C, and then, as by article lai, 
E A, C I are parallel, and as D I is half of D A, C tls 
half of E A, or, by article 14a, equal to half A B. But, 
by article 142, F I is half of C I, and therefore equal to 
one fourth of A B. 

244. Two conic sections, or two segments of conic 
sections, are called similar segments^ if a rectilineal figure 
can be inscribed in one of them similar and similarly 
situated to a rectilineal figure inscribed in the other. 
PROP. V. 1245. Similar parabolic segments may be taken in any 
two parabolas, and the similar rectilineal figures in- 
scribed in them will be to one another as the squares of 
the principal pajaineters. 
Fig. loo, YoT, let D A H, d a A be any two parabolas of which 
AB, a^' are the axes; and let P,/) be the principal 
parameters. 

Let P be to the absciss AB, asp to the absciss ab, 
and let D B H, di A be the corresponding double or- 
dinates; and then, as by article 136, PxAB=sB D% 
andpxa6=td*, 

PxAB ipxab :: BD* : bd\ and therefore (22. vi.) 
AB : a b : : ^ D : b df and alternately 
AB:BD::a( : bd; and therefore (6. vi.) the tri- 
angles A B D, abd are similar. In the same way it 
may be proved that the triangles A B H, a 2r A are simi- 
lar, and therefore the whole triangle A D H is similar to 
the whole triangle adh; and it is evident that the ho- 
mologous sides A D, a ^ are to one another as P to p* 
Again, let the diameters F K, fk bisect AD, ad re- 
spectively in I, i, and meet the curve in F,/ respectively. 
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and let A F, FD, afyfd be drawn, and then, by article APPEN- 

043, F I is equal to one fourth of A B, andfi is equal to 1. 

one fourth of ab. Consequently, (11. v.) A I : I F : : 
a i : if J and (29, i.) as the angles A I F, D A B, a i/, d a i 
are equal, the triangles A I F, aifare similar. For 
the same reasons the triangles FID, ^t dare similar; 
and in the same way it may be proved, that if diameters 
bisect A H, ah, and meet the curve respectively in G, g, 
and the triangles A G H, ag A be completed, they will 
be similar. The whole rectilineal figure, therefore, 
D F AGHD, is similar to the whole rectilineal figures 
dfaghd, and they are to one another as the squares 
cf their homologous sides, or, as is evident from the 
above, as the squares of the parameters P, p. 

Similar segments may also be cut off by double or- 
dinates to any diameters, provided the ordinate and its 
diameter in the one parabola, and the or^nate and 
its diameter in the other, contain equal angles, and the 
corresponding abscissas be to one another as the pa- 
rameters of these diameters. This may be proved by 
proceeding as above. 

246. In two parabolas, the parameters of diameters 

which contain equal angles with their ordinates, are to 

one another as the parameters of the axes. For the 

rest remaining, let R be the parameter of F I, and r that 

AB 
of/i, and then, by articles 136, ^43, Rx — = A P, 

ah , 
andrX— =ai. But by the similar triangles (22. vi.) 

AP : ai* :: B D* or PxAB : bd'orpxab. Cpn- 

sequently R x : rx — : : P X A B : pxa b, and 

4 4 

therefore R : r : : P : p. 

247 • It is evident, from article 245, that similar recti- 

lilneal figures may be inscribed in the similar parabolic 
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APPEN- ge^enU A F D H G, afd hgy of which the homo-*' 
_l_logou8 sicfeg will be to one another as P to p, and which 
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will be deficient frota the parabolic segments^ hf spaces 
\e»s than any given. The similar paraboBc segments 
themselves^ will therefore be to one another as P*to p*. 
PROP. VI. 248. Two ellipses or two hyperbolas will be similar^ 
if the axes of the one be proportional to the a^tes of th6 
other. 
T\g. 1^05, Let A H, a A be two ellipses or two hyperbolas, of 
which the transverse axes are ABy a b^ and con^gate 
£) £, d Cf and let C be their common center. Theft, 
if AB : D£ : : a^ : dcy the ellipses are similar to one 
another, and the hyperbolas are similav to one ahother. 

For let the transverse axes be in the same straight 
Kne, and then the conjugate axes will fall upon one 
another, as represented in the figures. 

Let H C L, AC Z be any other two diameters in thef 
dlipses in the same straight line, or any Other two 
transverse diameters in the same straight line iin the hy- 
perbolas. From the vertices H, A let H G, A^ be ordi- 
nates to A B, a b, and then the triangles C 6 H, cgh 
will be similar. By hypothesis 
(and M. vi.) C A* : C D» : : C a* : Cd*. 
By article 68, CA»: CD« :: AGxGB r GH*, and 

Ca* : CrP : : agxgb : gh?^ and there- 
fore, (11. v.) AGxGB : GH* :: a^ xgi.-flrAV ,, 

By similar triangles (and %%. vi.) 

GH* : CG^ :: gk" : C g\ and theref^Swe, 
placing for ex aequali, 

AGxGB:GH^:CG* 

^gXgb ' gh? : Cg^y and (aa. v.) 
AGxGB: CG^ 11 agxgb i Cf. 
jjConsequently in the ellipses (5. ii. and i8. v.) 

C A* : CG* : : Ca* : C^; and in the hy- 
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perbolas, by inversion and conversion (and 6. ii.) we APPEN- 
have the same proportion; and therefore {%2,. Vu) ^^^ 
CA:CG :: Ca:C^. Again^ in both curves, by 
similar triangles, C G : C H : : C^ : C A, and again 
placing for ex 9quali, 

CA:CG:CH 
C a : C g : C hy and therefore 
CA:CH::Ca:CA. Hence, the straight 
lines AH, a h being dravnfi, the triangles (6. vi.) 
A C H, a C A are similar, and C A : C a : : AH : a k. 
Again in the hyperbolas, C G : C A : : C^ : C a, and 
by conversion CG:AG::Cg:a^, and therefore 
AG : agr :: C G : Cg : : C A : C a : : GUigh. 
Hence (6, vi.) the triangles A G H, agh are simaar. 
If IK, it he any other diameters in the same straight 
line, and H I, A t be drawn, it may be proved in the 
same way, that the triangles H C I, A C i are similar, 
and that H I is to A i as C A to C a ; and if in the hy- 
perbolas ordinates be drawn from I, i to A B, a b, it 
may be proved in the same way that the rectilineal 
figures contained by them, the -abscissas and A H, H I, 
ah, hi will be similar.. 

It is evident that this inscription of similar rectili- 
neal figures may be carried on to any extent, and that 
my two homologous sides will always be as C A to 
Ca. 

249. It follows from the last article (and cor. a* 
oo* vi.) that the similar rectilineal figures inscribed in . 
similar ellipses, or in similar hyperbolic segments, are 
to one another as the squares of the transverse, or as 
the squares of the conjugate axes. And a6 a rectili^ 
fieal figure may be inscribed in an ellipse, or an hyper- 
bolic segment, which shall be deficient firom the el- 
lipse/ or hypeibolic segment, by a -space less than any 
given, similar ellipses and similar hyperbolic segment!^ 
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AFPEN- are to one another as the squares of the transverse^ or 
' as the squares of the conjugate axes. 

250. If two ellipses, or two hyperbolas, be similar, 
the transverse axis in the one will be to the distance be- 
tween the foci as the transverse axis in the other to the 
distance between the foci. 

Frg. 105. For the rest remaining, let F be a focus in the one 
ellipse and f a focus in the other, and let D F, dfhe 
drawn. Then, by article 90, D F is equal to C A 
and dfto C a, and therefore by hypothesis (and 22. vi.) 
D F* : C D* : : d f^ : C d% and by conversion (and 
47. i.) D F* : C F" : : df^ : C/% and (22. vi.) D F i 
CF : : df.Cf. Consequently (15. v.) AB : a CF 
: : a b : 2 Cf, 

Fig. 106. In the hyperbolas, let "DBydb be drawn, and then, 
by article 91, these lines are equal to the distances be- 
tween the foci and the center in their respective oppo- 
site sections. But, by hypothesis, CB : CD : : C b i 
C df and therefore {2. vi.) B D, ( d are parallel, and 
therefoi^ 

CB:BD :: C b i b d, 
and AB:aBD :: a b : 2 b d. 

251. Scholium. It may be proper in this place to 
direct the attention of the reader to methods of ascer- 
taining certain particulars in a conic section, supposing 
the curves of the sections to be given, or straight lines 
to be given, for the description of the curves. These 
methods, now to be described, might have been de- 
livered as Corollaries to the Propositions on which they 
depend, or they mi^ht have been put into the form of 
Problems ; but it appeared more adviseable to reserve 
them for a series of articles in a Scholium. A cautious 
desire agsunst interrupting the reader in the acquisition 
of new truths suggested this delay. The ease with 
which they are deduced from ][>receding demonstra* 
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lions, ancl the importance of the articles .themselves in- appen^ 
duced the author to think that the following was the ^^^* 
most proper manner of delivering them, and the most 
proper place to insert them. 

952. Let the ellipse A D B E, or the opposite hypier- Fig. 117. 
bolas A, D B £, be given to find the center. 

' In the ellipse and in either hyperbola draw the twQ 
parallel strsdght lines D £, F G, and draw A B bisect* 
ing D E in H and F G in K. Let AB meet the curve 
of the ellipse, or the curves of the opposite hyperbolas, 
in A and B. Bisect AB in C, and G will be the cen<r 
ter, by articles 61, 63. 

If only one hyperbola DBE be given, two other Fig. 118. 
straight lines must be drawn parallel to one another, 
but not parallel to D £, F G, and a straight line being 
drawn bisecting them wiU be a diameter. Its con- 
course therefore with A B will determine the center. 

253. The curve of a conic section and a point in it 
being given, let it be rec^uired to draw a diameter 
through the given point. ' 

If the section be an eUipse, or hyperbola, find the 
center by the preceding article, and through the center 
and the given point draw a diameter. If the section 
I>i6 a ^arabola^ find a diameter, hf article 134, and pa- 
kallel to it draw a straight line through thegiv6n point ; 
andj by article 1 3H, this will be the diametet required.: 

254. The curve and' a diameter AB of a conic sec- 
tion beitig.given, and any point G in the curve besides 
a vertex of the grvtti diiaineier, let it be required to draw 
a strsught line from G ordihately apfJiol to the diameter. 

Fitst, let the section A OtB D be ah eUipse* Find Fig. 1 1 7. 
the center C by article 9^2ff and thi:ough it draw 
the tBameter 'GLi Through the vertex L. draw the 
straight line LF parallel do.AB. Then if LF touch 
the ellipse, AB, L 6 .wiU; l^bQi^ugftte.diliineters^ by 

I 
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APPEN- With the part Y E of the moving ruler, and let one end 
■ of it be fixed to the ruler at E, and let the other end be 



fixed to the point F. By means of the pin P let the 
thread or string be stretched, and the part between P 
and E be kept close to the edge of the ruler. While 
the ruler G YE slides along the edge D X of the fixed 
ruler, and the thread or string is kept uniformly tense^ 
let the point of the pin P trace the line A P B C on the 
plane, in which the line D X and the point F are si- 
tuated. The line A P B C will be the curve of a pa- 
rabola, of which D X is the directrix and F the focus, as 
is evident from article 157. 

Several writers on Conic Sections have defined the 
ellipse, hyperbola, and parabola by the description in 
articles 256, 257, 258 respectively; and from these de- 
scriptions, as founded on a primary, they have deduced 
other properties of the sections. 
Fig. 114, 259. Two straight lines AB, DE being given, bi- 
"^' secting one another in C but not at right angles, let it 
be required to describe an ellipse, or hyperbola, of 
which A B, D E shall be conjugate diameters, and C 
the center. 

In C D, produced in the ellipse but between C and 
D in the hyperbola, take the point N, so that the rect- 
angle under C D> D N may be equal to the square of 
C B. Through D draw the straight line M Q parallel 
to A B, and bisect C N in I. Draw I P perpendicular 
to CN, and let it meet M Q in P ; and then it is evi- 
dent (4. i.) that straight lines drawn from P to N flind 
C will be equal. With P as a center therefore, and 
PN or PC as a distance, let the circle MGQN be 
described, and let it meet the str^ght line MQ in M 
and Q. Draw the straight lines Q C, M C/; axid from 
D draw D K peipendicular to Q C, and D H perpe^ 
dicukr to M C. In Q C take -C L, CR eacb a mean 
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proportional between C Q, C K ; and in M C take C F appen. 
and C G each a mean proportional between C M, C H. 



Then will R L, G F be the axes of the ellipse, or hy- 
perbola, proposed to be described, as is evident from 
article 85, (and 31. iii.) and article 78. Consequently 
the foci may be found, and the descriptions of the 
curves may be completed, as in articles 2^6, 257. 

%6o. The straight line GE being given in position Fig. 116. 
and magnitude, and the straight line A B bisecting it in 
B, let it be required to describe a parabola, of which 
A B shall be a diameter, and G £ a double ordinate to 
it. Let the straight line P be a third proportional to 
AB, B G, and produce B A to Y, so that AY may be 
a fourth part of P. Through Y draw DX at right 
atigles to YB, and through -A draw AN parallel to 
G E. Make the angle N A F equal to the angle 
NAY, and make A F equal to A Y. A parabola de- 
scribed with the focus F and the directrix D X, as in 
article 258, will be the section required, as is evident 
from articles 66, 158, 168, 169. 

261. The diameter A B of an ellipse or hyperbola Fig. m, 
P B, and P L an ordinate to it being given, let it be re- "^* . 
quired to find the diameter conjugate to AB. 

Let the straight line M be a mean proportional (13. 
vi.) between the abscisses A L, L B ; and, C being the 
center of the section, let M be to P L as C B to C D a 
straight line parallel to P L. Then will C D be half 
the conjugate diameter required. For, by hypothesis, 
(aiid 22. vi.) M« : PL* : : C B* : CD^ But (17. vi.) 
M*=ALxLB, and therefore ALxLB : PL* :: 
C B* : C D*. Consequently C D is the semiconjugate 
diameter to AB, by articles 63, 68. 

262.. Let ED be an equilateral hyperbola, of which PROP. V I r. 
A F, A C are the asymptotes, and let it cut in the point ^*^' *^*' 

I 3 
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APPEN- D the curve of the parabola AD, of which A F is the 
^^^' axis, and the segment A F equal to the parameter of 
the axis ; let there be drawn to the curve of the hyper- 
bola the straight line FE paralld to the asymptote 
A C, and from the point D; in which the curves of the 
hyperbola and parabola cut one another, let there be 
Hrawn to the asymptote A F the straight line D B pa- 
rallel to the asymptote A C ; then will the straight lines 
B D, A B be two mean proportionals between A F, F E. 
For as E D is an equilateral hyperbola, the angle 
A FE is a right one, by article 183, (and 29. i.). The 
straight line DB is therefore an ordinate to AB the 

axis of the parabola, and, by article 136, 
AFxAB=s=BD^ In the hyperbola, by article 184. 

A B X B D = A F X F E. By the first of these equations, 
AF:BD;:BD:AB; and by the second, 
AF: BD :: AB : FE. Hence, 
(II. 5.) AF: BD ::BD : AB :: AB : FE. 

263. Hence if two straight lines as AF, FE be 
given, two mean proportionals may be found between 
them. For let the two straight lines A F, F E be at 
right angles to one another, and let the parallelogram 
AFEG be completed. Let the parabola A D be de- 
scribed, of which A F is the axis, and the segment A F 
equal to its parameter. Again, let an equilateral hy- 
perbola be described through the point £, of which 
A F, A G are the asymptotes, and let its curve cut the 
curve of the parabola in D. Let D B be drawn to A F 
and parallel to A G, and let D C be drawn to A G pa- 
rallel to AF. Then the straight lines BD, AB will 
be two mean proportionals between A F, F E. 
PROP. 3^64. Let A E be a parabola, of which A D is the 
. Fig. X03. ^s, and A B a segment in it equal to half its parame- 
ter ; let the straight line B G be perpendicular to the 
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axis^ and draw A G ; with the center G and distance APPEN* 
G A describe the circle ACE cutting the axis in the ' 

point C and the curve of the parabola in £, and let 
£ D be drawn an ordinate to the axis ; the straight 
lines ED, AD will be two mean proportionals between 
A C and a straight line equal to tbe double of G B. 

For let D E meet the circle in F, and in D £ pro- 
duced let £ H be taken equal to D F. By the con- 
struction (and 3* iii.) A C is equal to the parameter of 
the axis, and therefore, by article 138, D£^=DAx 
AC. Again (36. iii.) DExDF=DAxDC, and 
therefore DE* + D£xD F=D AxD C+D Ax A C. 
But D £*+ D E X D F=D £ x (D E + D F)=D Ex 
DH;and {2 ii.) D A x A C + D A xD C=A D*. 
Hence DE : AD :: AD: DH, and as A C : DE:: 
DE: AD, we have AC :DE::DE:AD::AD: 
D H, But D H is double of G B ; for let G I be drawn 
parallel to AD, and let it meet D H in I. Then GB, 
I D (34. i.) are equal to one another, as are also (3. iii.) 
E I, I F to one another, and therefore H I is equal to 
I D. The Proposition is therefore evident. 

a6j. Hence, by means of a parabola and a circle, a 
method is evident of finding two mean proportionals 
between two given straight lines. 

266. From any point B in the curve of the equDateralPlW)?, IX, 
hyperbola B £ let the straight lines B A, B D be drawn *f '^* 
to the asymptotes C A, CD, and let B A be parallel to 
C D and B D parallel to C A, and let A D the diame- 
ter of the parallelogram be drawn. With the center B 
and a distance equal to the double of A D let a circle 
be described, and let it meet the curve of the hyper- 
bola in £• From £ draw £ F to the asymptote C D 
and parallel to C A ; and then, A F being drawn, the 
angle B A F will be a third part of the angle BAD, 

For let A F meet B D in G. Bisect D F in K, and 

M 
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APPEN- draw K I parallel to B D, and let it meet A F in the 
* point I. Draw D I. Then, as the hyperbola is equi- 



lateral, the angle A C D is a right one, and therefore 
(39. i.) each of the angles F K I, D K I is a right one, 
and (4. i.) F I, I D are equal. But, on account of the 
equals F K, K D and the parallels K I, D G, F I is 
equal to I G. Again, (15. and 29. i.) the triangles 
ABG, FCA are equiangular, and therefore (4. vi.) 
AB: BG:: CF:CA, and (16. vi.) B G x C F= 
ABxCA=(34. i.) CDxDB=CFxFE, by article 
184, and BG=FE. Consequently (33. i.) BE is 
equal to G F ; and therefore, by the construction, F I, 
I D, D A are equal. The angles D F I, F D I are 
therefore equal to one another, as are also the angles 
D I A, D A I to one another. The angle D A I is 
therefore equal to the double (3 a. i.) of D FI, or of its 
equal the an^Ie BAG. Consequently the angle BAG 
is equal to a third part of the angle BAD. 

267. Hence, by means of an equilateral hyperbola 
and its asymptotes, an angle may be divided into three 
equal parts. 

PROP. X. '7,68, If a scalene cone be cut through the axis by a 
plane perpendicular to the base, of the sides of the see* 
tion, meeting in the vertex, one will be the greatest, 
• and the other the least of all the sides of the cone. 

Fig. 107. For let V N O P be a scalene cone, of which V is 
the vertex, NOP the base, and C the center of the 
base. Let the straight line VB be perpendicular to 
the plane of the base, and meet it in B. Draw the 
straight line B C, and let it meet the circumference of 
the base in the points P, N. Through the straight 
. lines V B, B C let a plane be passed, and let it cut the 
cone; and let the section formed, with the -cone, be 
the triangle V N P, as in article 15. Then as the plane 
of the triangle V N P passes through C, it cuts the 
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cone through the axis*; and, as it passes through APPEN- 
VB, it is also (i8, xi.) perpendicular to the base ^"^ 
NOP. If therefore the point B be farther from N 
than from P, it remains to be proved, that VN is 
greater and V P less than any other side of the cone. 

Let V O be any other side of the cone, and let it 
meet the circumference of the base in O, and draw 
B O. Then, as V B is perpen^cular to the plane of the 
base, the angles V B N, V B P, V B O are right angles ; 
and therefore (47. i.) V N^=V B»+B N% V 0*=VB' 
+B OS and V P*=:V B*+B P». But (7. and 8. iii.) 
BN>BO, andBO>BP; and therefore BN*>BO% 
and B O* > B P\ Consequently V N* > V 0\ and V 0» 
> V P*. Of all the sides of the cone therefore, V N is 
the greatest, and V P is the least. 

If the perpendicular V B fall into the circumference 
of the base, then B and P will coincide ; and (referring 
to 15. iii. instead of 7. and 8. iii.) the demonstration 
will be the same as above f. 

069. As there can be only one perpendicular to a 
fdane (13. xi.) drawn from the same point above it, it is 
evident from the demonstration of the last article, that 
only one plane can cut a scalene cone through the axis, 
and be perpendicular to the base. 

^70. Lemma. If the plane figure A F D be bounded Fig. 109. 
by the straight line A D and the curve A F D, and if 
the square of the straight line FI, drawn from any 
point F in the curve perpendicular to A D, be equal 
to the rectangle under the segments A I, I D, the figure 
will be a semicircle. 

* As the representatidn of the axis cOuld not render the demonstration 
more perspicuous, it was intentionally omitted in the figures. 

t It is evident that all the sides of a right cone are equal to one an< 
other. For, in this case, the perpendicular to the haw, drawn from V, 
will fiill into C, the center. 
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APPEN- For let A D be bisected in C, and draw C F. Then 
^^^ Ul. i.) CF'=CI»+IF'=Cr+AIxID, by hypo- 
thesis. But as AD is bisected in C, (5. ii.) CA'= 
C D' = C r+ A I X I D, and therefore C P = C A'= 
C D% and consequently C F = C A = C D. The figure 
A F D is therefore a semicircle. 
PROP. XI. 371. Let the scalene cone V NOP be cut by a plane 
'^' "° passing through the axis, and perpentUctdar to the base 
NOP, and let the common section be the triangle 

V N P ; in the side V P take any point D, and in the 
plane of the triangle make, the angle V D A equal to 
the angle V N P ; then it" the cone be cut by a plane 
passing through D A, and perpendicular to the triangle 

V N P, its common section A F D B with the cone will 
be a circle. 

For let the side V P be less than the side V N, as 
in article a68, and produce A D to T and N P to R. 
Then, as V N is greater than V P, the angle VPN 
(18. i.) is greater than the angle VNP. But the 
angles VN P, VDA are equal, by hypothesis ; and as 
the angle PDT is equal (15. i.) to the angle VDA, 
the angle V P N is greater than the angle P D T. The 
angles VPN, DPR togeiher are therefore greater 
than the angles PDT, DPR together ; and conse- 
quently the angles P D T, D P R together are less than 
two right angles. If therefore the straight lines A D, 
N P be sufficiently produced they will meet. Let them 
be produced and meet in R ; and let the plane of the 
section A F D B cut the plane of the base N O P in the 
straight line RS. In DA take any point I, and let 
the cone be cut by a plane passing through I and pa- 
rallel to the base ; and let the section formed be the 
circle H F K B, as in article 17. Let the circle H F K B 
cut the triangle V N P in the straight line H I K, and 
the section A F D B in the straight line FIB. Then 
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as the section H F K B is parallel to the plane of the appen- 
base^ and as these parallel planes are cut by the plane . 
of the section AFDBi the common sections (i6. xi.) 
F I B, S R are parallel ; and as the plane of the section 
A F D B, and the plane of the base N O P are perpen- 
dicular to the plane of the triangle VN P and cut one 
another in S R, the straight line S R (19. xi.) is per-^ 
pendicular to the plane of the triangle VNP. The 
straight line FIB (8. xi.) is therefore perpendicular to 
the plane VNP, and consequently (4. xi.) perpendicu- 
lar to H K, AD. But, as the plane of the triangle 
VNP passes through the axis, H K is a diameter of 
the circle HFKB by article 17, and therefore (3. iii.) 
F B 18 bisected in I. Consequently (35. iii.) KIx 
I H=F P=:B l\ Again, as the circle H F K B is pa- 
rallel to the plane of the base, and as these parallel 
planes are cut by the triangle VNP, the conunon 
sections (i6. xi.) HI K, N P are parallel. The angle 
A H I (29. i.) is therefore equal to the angle VNP, 
and consequently equal to the angle K D I. The angles 
(15. i.) A I H, K I D are also equal, and therefore the 
triangles A I H, K I D are equiangular. Consequently 
(4. vi.) AI :IH :: KI: ID, and (16. vi.) KIxI H 
as A I X I D=F PasB P, by the above. The section 
A F D B is therefore a circle, by article 270. 

The circle A F D B formed in a scalene cone, in the 
manner mentioned in the Proposition, is called a Sub' 
contrary Section. 

2*J2> If a conic section be a circle, and be not parallel prop. 
to the base of the cone, it will be a subcontrary sec- ^^'' 
tion. 

Let the cone V N O P be cut by a plane not parallel Fig. no. 
to the base NOP, and let the section A F D B formed 
by it, with the cone, be a circle ; A F D B is a subcon- 
trary section. 
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APFEN- Foi: let I be the point in which the axis of the cone 
^^' meets the circle A F D B, and through I let a plane be 
passed parallel to the base^ and let F K B H be the 
circle formed by it with the cone, as. in article 17. Let 
BF be the common section of this circle with the 
circle A F D B. Then, by article 17, the point I is the 
center of the circle F K B H, and consequently B F is 
bisected in I. Tferovgh I draw in the circle AFDB 
the straight line AD at right angles to BF; and 
through A D and V, the vertex, let a plane be passed, 
and let VN P be the triangle formed by it with the 
•cpne, as in article 15. Let H K be the line of com- 
mon section of the triangle VNP and the circle 
FKB H. Let L be any point iu AD, and through L 
let a plane be passed parallel to the base NOP, ot to 
the circle F K B H. Let M C E G be the circle formed 
by this plane with the cone, and let M E be its line bf 
common section with the triangle VNP, and C liQ itM 
line of common section with the circle AFDB. Theo 
(16. xi.) the straight lines H K, ME are parallel, as are 
aUo B I F, C L G ; and as A I B. is a right angle, AJL C 
is {29. i.) right angle. Again, a^^ the stiiaight line AD 
bisects the straight Une B F at right angles, A D (cqr. 
I. iii.) is a diameter of the circle AFDB. . The 
straight line G C (3. iii.) is therefore bisected in L. But 
as I is the point in which th^ axis of the cone meets 
the circle A F D B, it is evident that the triangle VNP 
cuts the cone through the axis, and consequently, by 
article 17, ME is a diameter of the circle M CEG, 
and the point L is not it^ center. Hence the diaotieter 
M E (3. iii.) bisects G C in L at right angles, and GL 
is at right angles to A D> M £, and therefore it is at 
right angles to the triangle (4. xi.) VNP. Conse- 
quently (18. xi.) each of r the sections AFDB, 
M G E C is at right angles to the triangle VNP, and 
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therefore as M G E C is parallel to the base, the cone APPEN- 
is cut by the plane V N P passing through the ' 

axis^ and perpendicular to the base NOP. Again, as 
G L is at right angles to each of the two diameters, 
ME, AD, the rectangle under M L, L E is equal to 
the rectangle under D L, L A, each of these rectangles 
(35 • ii'O being equal to the square of G L ; and there- 
fore (16. vi.) D L : L E : : M L : L A, and (6. vi.) the 
angle L D E is equal to the angle A M L, or (29. i.) 
V N P. The circle A F D B is therefore a subcontrary 
section. 

973. A conic section neither parallel to the base of 
the cone, nor a subcontrary section, is not a circle. 



THE END. 
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